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Preface 
The Human Resources and Services Theme within the Human 
Settlements and Services Area is currently conducting research 
on health care systems and on nutrition. As part of a general 
exploratory evaluation to determine whether research on man- 
-
power should be accorded Research Task status within this Theme 
in the future, the Area held a small and informal task-force 
meeting in ~ e b r u a r ~ ,  1978, on which occasion this paper was 
presented. 
The February task-force meeting led to the conclusion that 
the principal objective of manpower research in HSS should be 
the development of mode1.s and theoretical explanations of as- 
pects of manpower supply, manpower demand, and manpower fore- 
casting, with a focus on national and sectoral problems in 
both the more developed and the less developed countries of 
the world today. Expected results could be improved models 
and a better understanding of problems related to changing labor 
force composition, shortages of manpower in critical service 
sectors such as health, the rising cost of pensions, and the 
declining confidence of policy makers in the usefulness of 
manpower forecasting models. 
This paper, the second of a series on manpower analysis, 
illustrates how the concepts of dynamic linear programming (DLP) 
can be applied to the normative modeling of manpower problems. 
In it, Dr. Propoi demonstrates the p'ower and broad generality 
of the DLP approach while, at the same time, exposing certain 
weaknesses of the linear fixed-coefficient framework that call 
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i n  a  
The purpose  o f  
-ems f o r  e d u c a t i  
s t a n d a r d  dynami 
t h i s  p a p e r  i s  t o  show t h a t  many o p t i m i z a t i o n  
. o n a l  and manpower p l a n n i n g  models can  be w r i t t e n  
c  l i n e a r  programming form. A b a s i c  model 
o f  e d u c a t i o n a l  p l a n n i n g  i s  d e s c r i b e d  and e x t e n s i o n s  o f  t h e  model 
( i n v e s t m e n t  and v o c a t i o n a l  t r a i n i n g  submodels and a  t h r e e  l e v e l  
e d u c a t i o n a l  model) a r e  g i v e n .  
When d e s c r i b i n g  models ,  two b a s i c  models a r e  s i n g l e d  o u t  
u s i n g  two d i f f e r e n t  c o n t r o l s :  r e c r u i t m e n t  i n  t h e  f i r s t  and pro-  
motion i n  t h e  second.  F i n a l l y ,  a n  i n t e g r a t e d  model o f  economy- 
manpower i n t e r a c t i o n  i s  c o n s i d e r e d .  
The p o s s i b i l i t i e s  and l i m i t a t i o n s  o f  DLP a s  a p p l i e d  t o  man- 
power and e d u c a t i o n a l  p l a n n i n g  problems a r e  d i s c u s s e d .  
This  paper was o r i g i n a l l y  prepared under t h e  t i t l e  "Modelling 
f o r  Management" f o r  p r e s e n t a t i o n  a t  a  Nate r  Research Cent re  
(U.K. ) Conference on "River  P o l l u t i o n  Con t ro l " ,  Oxford, 
9 - 1 1  A s r i l ,  1979. 
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Models f o r  E d u c a t i o n a l  and Manpower P l a n n i n g :  
A Dynamic L i n e a r  Programming Approach 
1 .  INTRODUCTION 
The most i m p o r t a n t  f e a t u r e s  i n  manpower and e d u c a t i o n a l  
p l a n n i n g  a r e ,  f i r s t ,  t h e  l a r g e  number of  v a r i a b l e s  and c o n d i t i o n s  
which shou ld  be  t a k e n  i n t o  a c c o u n t ,  and second,  t h e  dynamics o f  
t h e  p l a n n i n g  p r o c e s s  - - t r a i n i n g  o f  s p e c i a l i s t s  needs  t i m e .  Ab- 
s o l u t e  o r  r e l a t i v e  i n c r e a s e s  i n  t h e  t o t a l  number o f  manpower does  
n o t  n e c e s s a r i l y  imply an i n c r e a s e  i n  t h e  o p e r a t i o n a l  q u a l i t y  o f  
a sys tem,  and t h e r e f o r e ,  e l a b o r a t e  p l a n n i n g  o f  d i f f e r e n t  c a t e g o r i e s  
o f  s p e c i a l i s t s  i s  r e q u i r e d .  Manpower and e d u c a t i o n a l  p l a n n i n g  
" h a s  t h e  b a s i c  purpose  o f  p roduc ing  t h e  c o r r e c t  numbers o f  t h e  
c o r r e c t  t y p e s  of  p e o p l e  i n t h e  c o r r e c t  j o b s  a t  t h e  a p p r o p r i a t e  
t i m e s "  ( G r i n o l d  and M a r s h a l l ,  1 9 7 7 ) .  
The most e f f i c i e n t  t e c h n i q u e  which can  h a n d l e  a l a r g e  nuinber 
o f  v a r i a b l e s  and c o n h t r a i n t s  i s  l i n e a r  programming (LP) (Dan tz ig ,  
1963) .  I n  o r d e r  t o  a l l o w  p r o p e r  p h a s i n g  o f  t h e  d e c i s i o n  p r o c e s s  
o v e r  t i m e ,  t h i s  t e c h n i q u e  can  be  ex tended  t o  dynamic l i n e a r  pro-  
gramming (DLP) ( P r o p o i ,  1 9 7 6 ) .  Another  f e a t u r e  common t o  manpower 
and e d u c a t i o n a l  models i s  t h e i r  s t o c h a s t i c  n a t u r e  (Bartholomew, 
1973) .  However, i n  many p r a c t i c a l  c a s e s ,  d e a l i n g  w i t h  expec ta -  
t i o n s ,  w e  can  s t a y  w i t h i n  t h e  d e t e r m i n i s t i c  approach and l e a v e  
t h e  s t o c h a s t i c  t e c h n i q u e  f o r  t h e  o p e r a t i o n a l  c o n t r o l  s t a g e .  Thus, 
i t  c a n  be  a rgued ,  t h a t  i n  o r d e r  t o  s o l v e  real ,  l a r g e - s c a l e  o p t i -  
m i z a t i o n  problems i n  manpower and e d u c a t i o n ,  LP and i t s  e x t e n s i o n ,  
DLP, s h o u l d  be  used.  
There  i s  some j u s t i f i c a t i o n  o f  t h e  DLP approach t o  manpower 
and  e d u c a t i o n a l  o p t i m a l  p l a n n i n g  problems.  The p u r p o s e  o f  t h i s  
p a p e r ,  however, i s  n o t  t o  go f u r t h e r  i n  t h i s  d i r e c t i o n ,  b u t  t o  
c o n s i d e r  d i f f e r e n t  o p t i m i z a t i o n  models i n  manpower and e d u c a t i o n a l  
p l a n n i n g  u s i n g  a u n i f i e d  approach.  
T h i s  p a p e r  c o n s i s t s  o f  t h r e e  p a r t s .  I n  t h e  f i r s t  two p a r t s ,  
d i f f e r e n t  t y p e s  o f  models  are d e s c r i b e d ;  f i r s t  e d u c a t i o n a l  models 
and s e c o n d ,  manpower p l a n n i n g  models .  These  p a r t s  c o n s i d e r  f i r s t  
a  b a s i c  model and t h e n  some m o d i f i c a t i o n s  and a p p l i c a t i o n s  t o  t h i s  
model.  F i n a l l y ,  t h e  t h i r d  p a r t  d i s c u s s e s  b r i e f l y  an  i n t e g r a t e d  
manpower-economy model.  
2 .  EDUCATIONAL PLANNING MODELS 
F i r s t  w e  c o n s i d e r  e d u c a t i o n a l  p l a n n i n g  models .  Though some- 
t i m e s  it i s  d i f f i c u l t  t o  make e x p l i c i t  d i f f e r e n c e s  be tween educa-  
t i o n  and manpower p l a n n i n g  mode l s ,  w e  s h a l l  r e f e r  t o  t h e  e d u c a t i o n -  
a l  p r o c e s s  a s  a  p r o c e s s  o f  t r a i n i n g  s p e c i a l i s t s  as  opposed  to t h e  
promot ion  and  r e c r u i t m e n t  p r o c e s s e s  i n  manpower p l a n n i n g  models .  
2 . 1  The B a s i c  Model 
I n  f o r m u l a t i n g  DLP models ,  it i s  u s e f u l  t o  consTder  S e p a r a t e l y  
. (P ropo i ,  1976)  : 
1 .  S t a t e  e q u a t i o n s  o f  t h e  s y s t e m  w i t h  t h e  d i s t i n c t  
s e p a r a t i o n  o f  s t a t e  and c o n t r o  2 v a r i a b l e s ;  
2 .  C o n s t r a i n t s  imposed on t h e s e  v a r i a b l e s ;  
3 .  P l a n n i n g  p e r i o d  T - - t h e  number o f  s t e p s  d u r i n g  
which t h e  s y s t e m  i s  c o n s i d e r e d  a n d  t h e  l e n g t h  
o f  e a c h  s t e p  t;  
4 .  Per formance  i n d e x  ( o b j e c t i v e  f u n c t i o n )  which 
q u a n t i f i e s  t h e  q u a l i t y  o f  a p l a n  ( c o n t r o l ) .  
S t a t e  e q u a t i o n s :  The g e n e r a l  scheme of  t h e  b a s i c  model con- 
s i d e r e d  i s  p r e s e n t e d  i n  F i g u r e  1 .  
L e t  
x .  1 ( t )  be t h e  number o f  s p e c i a l i s t s  o f  t y p e  i 
(i = I , .  . . , n )  ( s p e c i a l i t y ,  g r a d e ,  etc .  ) a t  
s t e p  t ( e a c h  s t e p  e q u a l s  one  y e a r ,  t h r e e  
y e a r s ,  s i x  y e a r s ,  e t c . ) ;  and 
uk ( t )  b e  t h e  number o f  e n t r a n t s  t o  t h e  e d u c a t i o n a l  
sys t em o f  t y p e  k ( k  = 1 , .  . . ,r) ( s c h o o l s ,  i n s t i -  
t u t e s ,  f a c u l t i e s ,  e t c . ) .  
I t  i s  assumed t h a t  T~ s t e p s  a r e  needed  f o r  g r a d u a t i n g  f rom 
t h e  e d u c a t i o n a l  s y s t e m  o f  t y p e  k .  
The v e c t o r  x ( t )  = { x i ( t ) }  r e p r e s e n t s  t h e  d i s t r i b u t i o n  o f  spe-  
c i a l i s t s  a t  s t e p  t (manpower s t o c k )  and  v e c t o r  u ( t )  = { u k ( t ) }  
r e p r e s e n t s  t h e  d i s t r i b u t i o n  o f  new e n r o l l m e n t s  a t  s t e p  t o v e r  
d i f f e r e n t  t y p e s  o f  e d u c a t i o n a l  sys t em%.  V e c t o r  x ( t )  i s  t h e  s t a t e  
o f  t h e  s y s t e m  and  v e c t o r  u ( t )  i s  t h e  c o n t r o l  v a r i a b l e .  
The s t a t e  e q u a t i . o n s  d e s c r i b i n g  t h e  deve lopment  o f  t h e  man- 
power s y s t e m  c a n  b e  w r i t t e n  a s  f o l l o w s :  
o r  i n  m a t r i x  form 
where t h e  n o t a t i o n  T = { T  i s  used .  k  
I n  t h e  s t a t e  e q u a t i o n s  ( 1 ) :  
a  ( t )  i s  t h e  c o e f f i c i e n t  which shows how many s p e c i a l i s t s  i j 
o f  t y p e  j p r o g r e s s  t o  g roup  i between s t e p s  t and 
t + l  j  1  . n  t = 0 1  T - 1  I n  many c a s e s  
where 1  - aii(t) i s  c a l l e d  t h e  manpower s t o c k  a t t r i t i o n  
r a t e ,  4(t) becomes a  d i a g o n a l  m a t r i x .  
b i k  (t-T ) i s  t h e  c o e f f i c i e n t  which shows how many e n t r a n t s  k  
o f  t y p e  k  a t  s t e p  t - r k  w i l l  o b t a i n  t h e  s p e c i a l i t y  
i a t  s t e p  t ( k = l , . . . , r ;  i = l , . . . , n ;  t =  0 , l  , . . . , T - 1 ,  
T~ < T ) .  These  c o e f f i c i e n t s  d e n o t e  t h e  r a t i o  o f  
g r a d u a t e s  o f  t y p e  i t o  t h e  t o t a l  number o f  s t u d e n t s  
e n r o l l e d  i n  t h e  t y p e  k  e d u c a t i o n a l  sys t em.  
I t  i s  assumed t h a t  f o r  t h e  s t a t e  e q u a t i o n s  ( 1 )  t h e  i n i t i a l  
c o n d i t i o n s  a r e  
0  0 where x i  (i  = 1 , .  . . , n )  , uk (t - T ~ )  ( k  = 1 , .  . . , r ;  0 - < t - < -rk - 1 )  a r e  
g i v e n  numbers. 
I f  t h e  l e n g t h  o f  e a c h  s t e p  t i s  e q u a l  t o  t h e  maximum d u r a t i o n  
o f  t r a i n i n g  i n  t h e  e d u c a t i o n a l  s y s t e m ,  t h e n  t h e  s t a t e  e q u a t i o n s  
( 1 )  w i t h  t i m e  d e l a y  T w i l l  be  t r a n s f o r m e d  i n t o  s t a t e  e q u a t i o n s  
w i t h o u t  t i m e  d e l a y s  : 
where t h e  l e n g t h  of  e a c h  s t e p  i s  e q u a l  t o  t h e  d u r a t i o n  o f  t r a i n -  
i n g  ( f o r  example ,  f i v e  y e a r s ) .  P l a t r i c e s  A ( t )  a n d ' B ( t )  s h o u l d  b e  
r e c a l c u l a t e d  i n  t h i s  c a s e .  
For  many p r a c t i c a l  c a s e s ,  t h e  m a t r i c e s  A ( t )  and B ( t )  a r e  
c o n s t a h t :  
and f r e q u e n t l y  i n  ( 4 )  B ( t )  i s  an i d e n t i t y  m a t r i x :  
I n  t h i s  c a s e ,  t h e  v e c t o r  u ( t )  may b e  i n t e r p r e t e d  a s  t h e  i n -  
c r e a s e  i n  t h e  manpower s t o c k  d u r i n g  t i m e  p e r i o d  t .  
Insome  cases it i s  n e c e s s a r y  t o  t a k e  i n t o  a c c o u n t  t h e  f l o w s  
o f  s p e c i a l i s t s  i n t o  and  o u t  o f  t h e  sys tem.  Then t h e  s ta te  equa- 
t i o n s  ( 2 )  are t r a n s f o r m e d  i n t o  t h e  f o l l o w i n g :  
+ 
where t h e  v e c t o r s  s ( t )  and s - ( t )  c a n  b e  c o n s i d e r e d  e i t h e r  as 
g i v e n  exogenous  v a r i a b l e s  o r  as a d d i t i o n a l  c o n t r o l  v a r i a b l e s .  
D e f i n i t i o n s :  The sequence  o f  v e c t o r s  u  = ( u ( O ) ,  . . . , u ( T - 1 - T )  ) 
d e n o t e s  t h e  c o n t r o l  o f  t h e  s y s t e m  ( 2 )  (01: t h e  e n r o l l m e n t  p l a n  
f o r  a g i v e n  p l a n n i n g  h o r i z o n  T ) .  The sequence  o f  v e c t o r s  
x  = ( x ( O ) ,  . . . , x ( T )  ) i s  t h e  t r a j e c t o r y  o f  t h e  s y s t e m  ( o r  t h e  man- 
power p Zan) . 
Choosing d i f f e r e n t  e n r o l l m e n t  c o n t r o l s  u ,  w e  can  d e f i n e  w i t h  
t h e  s ta te  e q u a t i o n s  ( 1  ) - ( 3 )  t h e  c o r r e s p o n d i n g  manpower t r a j e c t o r y  
x .  The problem i s  t o  f i n d  s u c h  e n r o l l m e n t s  o v e r  t i m e  as w i l l  
s a t i s f y  a l l  t h e  c o n s t r a i n t s  o f  t h e  s y s t e m  and b e  o p t i m a l  i n  some 
s e n s e .  Thus t h e  second s t a g e  o f  t h e  DLP model b u i l d i n g  i s  t o  
d e l i n e a t e  t h e  c o n s t r a i n t s  o n  t h e  v a r i a b l e s .  
C o n s t r a i n t s :  B a s i c a l l y  c o n s t r a i n t s  on  t h e  v a r i a b l e s  may b e  
broken  down i n t o  t h r e e  t y p e s :  p h y s i c a l ,  r e s o u r c e  a n d  g o a l .  
P h y s i c a l  C o n s t r a i n t s  I t  is  e v i d e n t  t h a t  t h e  number o f  p e o p l e  
c a n n o t  b e  n e g a t i v e :  
I n  t h e  p h y s i c a l  s e n s e ,  t h e  v a r i a b l e s  xi ( t )  and xk ( T )  a r e  
i n t e g e r s .  A s  t h e  number of  p e o p l e  i n  t h e  sys t em i s  u s u a l l y  l a r g e ,  
f o r  p r a c t i c a l  r e a s o n s  t h i s  r e s t r i c t i o n  may n o t  b e  t a k e n  i n t o  
a c c o u n t .  (The r u n n i n g  o f  t h e  model i n  a n  i n t e g e r  programming form 
i s  r a t h e r  c o s t l y ) .  
Resource  C o n s t r a i n t s  These  c o n s t r a i n t s  c a n  b e  w r i t t e n  a s  
where f  ( t )  = { f l  ( t )  ,. . . , f  ( t )  1 i s  t h e  v e c t o r  o f  g i v e n  r e s o u r c e s  
m 
( e d u c a t i o n a l  f a c i l i t i e s )  f o r  t r a i n i n g  ( t e a c h e r s ,  b u i l d i n g s ,  e q u i p -  
ment ,  e t c . ) ;  t h e  c o e f f i c i e n t s  d  ( t )  (s  = I ,  ..., m;  k =  1 ,  ..., r )  
s k  
show t h e  a ~ o u n t  o f  r e s o u r c e s  o f  t y 2 e  s needed  p e r  u n i t  f o r  
e d u c a t i o n  o f  t y p e  k a t  s t e p  t .  I n  m a t r i x  form 
A t  t i m e s ,  it i s  more c o n v e n i e n t  t o  e v a l u a t e  t h e  r e q u i r e d  re- 
s o u r c e s  by t h e  t o t a l  number o f  s t u d e n t s  o f  e a c h  t y p e  k ( k = l ,  ..., r )  
a t  c u r r e n t  t i m e  p e r i o d  t .  I n  t h i s  case, t h e  c o n s t r a i n t s  ( 8 )  
a r e  r e p l a c e d  by 
I n  many c a s e s  it i s  n e c e s s a r y  t o  s i n g l e  o u t  t h e  c o n s t r a i n t  on 
t h e  a v a i l a b i l i t y  o f  t e a c h e r s  or  i n s t r u c t o r s  o f  d i f f e r e n t  t y p e s .  
L e t  t h e y .  ( t )  ( j  = 1 , .  . . , J )  b e  t h e  number o f  a v a i l a b l e  t e a c h e r s  
3 
o f  t y p e  j a t  s t e p  t a n d  g  ( t )  b e  t h e  r a t i o  o f  r e q u i r e d  t e a c h e r s  j k  
o f  t y p e  j t o  s t u d e n t s  e n r o l l e d  i n  t h e  e d u c a t i o n a l  s y s t e m  o f  t y p e  k .  
Then t h e  c o n s t r a i n t s  on t h e  t e a c h e r s '  a v a i l a b i l i t y  c a n  b e  w r i t t e n  
i n  a s imi la r  ( 8 )  form: 
U s u a l l y ,  t h e  t e a c h e r s  (or s o m e  g r o u p  o f  t h e  t e a c h e r s )  c o n s t i t u t e s  
t h e  p a r t  o f  t h e  manpower s t o c k .  I n  t h i s  c a s e  
where h j  i ( t )  = 1 ,  i f  t h e  i - t h  t y p e  s p e c i a l i s t s  a r e  f u l l - t i m e  
t e a c h e r s  and  0 < h  ( t )  < 1 a r e  p a r t - t i m e  t e a c h e r s .  Then t h e  con- 
- j i  - 
s t r a i n t s  ( 1  1 )  s h o u l d  b e  r e w r i t t e n  a s  
o r  i n  m a t r i x  form 
I n  t h e  s i m p l e  mode l s ,  t h e  numbers f s ( t )  ( s  = 1 ,  ..., m )  and 
y  . ( t )  ( j  = 1 , .  . . , J )  a r e  t h e  g i v e n  exogenous v a r i a b l e s .  I n  more 
3 
d e t a i l e d  models  t h e s e  v a r i a b l e s  a r e  c o n s i d e r e d  a s  s t a t e  v a r i a b l e s  
which a r e  gove rned  by some c o n t r o l l a b l e  a c t i v i t i e s  i n  t r a i n i n g  
t e a c h e r s  and b u i l d i n g  o t h e r  e d u c a t i o n a l  f a c i l i t i e s  (see S e c t i o n s  
2.2 and 2 . 4 ) .  
Goal C o n s t r a i n t s  U s u a l l y  g o a l s  f o r  t h e  c o n t r o l  o f  a  s y s t e m  
-
a r e  a s s o c i a t e d  w i t h  t h e  v a l u e  o f  a n  o b j e c t i v e  f u n c t i o n .  However, 
a t  t i m e s  o n l y  some ,of them a r e  i n t r o d u c e d  i n t o  t h e  o b j e c t i v e  func-  
t i o n .  The o t h e r s  a r e  c o n s i d e r e d  a s  a d d i t i o n a l  c o n s t r a i n t s  on t h e  
sys tem.  For  e x a n p l e ,  t h e  numbers o f  s p e c i a l i s t s  o f  some t y p e s  
S 1 U =  1 . . n  must be k e p t  a t  q i v e n  l e v e l s :  
I n  some c a s e s ,  o n e  o f  t h e  g o a l s  may b e  t o  b r i n g  t h e  s y s t e m  
t o  t h e  d e s i r e d  d i s t r i b u t i o n  o f  s p e c i a l i s t s  a t  t h e  end o f  p l a n n i n g  
p e r i o d  
where x  i s  a  g i v e n  v e c t o r  ( t e r m i n a l  c o n d i t i o n s ) .  T  
To s a t i s f y  c o n s t r a i n t s  ( 1 4 )  i n  e x p l i c i t  form i s  r a t h e r  c o s t l y ,  
i f  n o t  i n f e a s i b l e .  The re fo re ,  i n s t e a d  of  ( 1 4 ) ,  it i s  more reason- 
a b l e  t o  cons ide r  t h i s  . : t ype  of c o n s t r a i n t  i n  t h e  form 
x i ( t )  + t i  ( t )  - q i  ( t )  = X i ( t )  i E I C I 1 - ( 1 7 )  
where t h e  v a r i a b l e s  Si ( t )  - > 0 , qi ( t )  - > 0 denote  r e s p e c t i v e l y  t h e  
sho r t age  and s u r p l u s  of s p e c i a l i s t s  of t ype  i i n  t ime p e r i o d  t and 
t i ( t )  and q i ( t )  a r e  a d d i t i o n a l  c o n t r o l  v a r i a b l e s  which a r e  i n -  
t roduced t o  t h e  o b j e c t i v e  func t ion .  The approach i s  usua l  i n  
goa l  programming t echn ique  (Charnes and Cooper, 1961) .  
The gene ra l  form of  c o n s t r a i n t s  on t h e  sys tem3 v a r i a b l e s  can 
be given i n  t h e  form (Propoi ,  1976) : 
where f  ( t )  i s  t h e  given m-vector, and G ( t )  and D ( t )  a r e  t h e  given 
ma t r i ce s  w i th  dimension ( m x n )  and ( m x r )  r e s p e c t i v e l y .  
O b j e c t i v e  Funct ion.:  The u l t i m a t e  goa l  o f  a  manpower supply 
model i s  t o  meet t h e  p r o j e c t e d  demand i n  manpower, t h u s  i n c r e a s i n g  
t h e  q u a l i t y  of t h e  system. I n  t h e  models cons ide red ,  t h e  p r o j e c t e d  
f i g u r e s  of r equ i r ed  s p e c i a l i s t s  of a l l  t ypes  i a r e  supposed t o  be 
known f o r  each s t e p  t of t h e  planning per iod  T I  t h a t  i s ,  t h e  
numbers x. ( t )  a r e  given f o r  each i = 1 ,  ..., n  and t = 1 ,  . . . I T .  The 
1 
goal  of c o n t r o l  o f  t h e  system i s  t o  b r i n g  t h e  manpower s t o c k  t r a -  
j e c t o r y  {xi  ( t)  ) a s  c l o s e  a s  p o s s i b l e ,  under given dynamic ( 1  ), 
( 3 )  and s t a t i c  ( 6 )  - ( 1  8 )  c o n s t r a i n t s ,  t o  t h e  d e s i r e d  d i s t r i b u t i o n  
o f  s p e c i a l i s t s  {x i ( t )  1 .  This  c lo senes s  can be eva lua t ed  by t h e  
o b j e c t i v e  f u n c t i o n s  
The a .  ( t )  a r e  t h e  g iven  weight c o e f f i c i e n t s ,  1 x (  i s  t h e  a b s o l u t e  
1 
va lue  of x.  I n  more g e n e r a l  form, 
where  
1 2  I f  a i ( t )  = - a i ( t )  f o r  a l l  i and t ,  t h e n  t h e  o b j e c t i v e  f u n c t i o n  
( 2 0 )  r e d u c e s  t o  ( 1 9 ) .  
Problems w i t h  t h e  obglec t ive  f u n c t i o n s  ( 1 9 )  and  ( 2 0 )  c a n  
e a s i l y  b e  r e d u c e d  t o  a  l i n e a r  c a s e  (Charnes  and  Cooper ,  1 9 6 1 ) .  
Fo r  t h i s ,  t h e  o b j e c t i v e  f u n c t i o n  i s  i n t r o d u c e d  
w i t h  a d d i t i o n a l  c o n s t r a i n t s  ( 1 7 ) .  
I t  i s  e v i d e n t  t h a t  b o t h  c i ( t )  and q i ( t )  c a n n o t  b e  p o s i t i v e  
a t  t h e  same t i m e .  I f  t h e  s h o r t a g e  o f  s p e c i a l i s t s  i s  n o t  d e s i r a b l e :  
t h e n  t h e  o b j e c t i v e  f u n c t i o n  ( 1  3 )  can  be  d i r e c t l y  w r i t t e n  i n  
l i n e a r  form: 
- 
w i t h  a d d i t i o n a l  c o n s t r a i n t s  xi ( t )  - xi ( t )  - > 0. 
The o t h e r  g roup  o f  o b j e c t i v e  f u n c t i o n s  i s  a s s o c i a t e d  w i t h  
t h e  m i n i m i z a t i o n  o f  e x p e n d i t u r e s  f o r  e d u c a t i o n .  I f  B k ( t )  i s  t h e  
cos t  o f  t r a i n i n g  p e r  s t u d e n t  o f  s p e c i a l i t y  k  a t  y e a r  t ,  t h e n  t h e  
t o t a l  e x p e n d i t u r e  f o r  e d u c a t i o n  w i l l  b e  t h e  f o l l o w i n g :  
F i n a l l y ,  i f  it i s  n e c e s s a r y  t o  deve lop  a  s p e c i a l  program f o r  
t r a i n i n g  t h e  g r e a t e s t  f e a s i b l e  number o f  s p e c i a l i s t s  o f  t h e  g iven  
group I1 C I b y t h e e n d  o f  t h i s  program, t h e n  t h e  problem can be  
a  maximizat ion  o f  t h e  o b j e c t i v e  f u n c t i o n  
where ai ( T )  , i E I a r e  we igh t  c o e f f i c i e n t s  f o r  t h e  e l i g i b l e  1 
s p e c i a l i t i e s .  
Summarizing, w e  can  s t a t e  t h e  problem f o r  t h e  c o n s i d e r e d  
model a s  f o l l o w s .  
Pro b l em ----------- 2 . 1 :  Given t h e  i n i t i a l  c o n d i t i o n s  
and t h e  s t a t e  e q u a t i o n s  
w i t h  c o n s t r a i n t s  
f i n d  a  c o n t r o l  
and a  c o r r e s p o n d i n g  t r a j e c t o r y  
which minimize t h e  pe r fo rmance  i n d e x  
T h i s  b a s i c  model i s  f l e x i b l e  enough and a l l o w s  v a r i o u s  modi- 
f i c a t i o n s  and  e x t e n s i o n s .  But even i n  t h i s  s i m p l e  form,  t h e  model 
i s  u s e f u l  i n  p r a c t i c e ,  a s  it t a k e s  i n t o  a c c o u n t  i n  some o p t i m a l  
way t h e  main f e a t u r e s  of  manpower p l a n n i n g  models:  t h e  dynamic 
o f  t r a i n i n g  s p e c i a l i s t s  and t h e  l i m i t s  o f  a v a i l a b l e  r e s o u r c e s  
(see S e c t i o n  2 . 5 ) .  
I t  s h o u l d  b e  n o t e d  t h a t  t h e  model c o n s i d e r e d  above  c a n  be  
i n t e r p r e t e d  e i t h e r  on  a  n a t i o n a l - / r e g i o n a l  (macro)  l e v e l  o r  on a n  
i n s t i t u t i o n a l  p l a n n i n g  ( m i c r o )  l e v e l .  Below, some examples  and  
e x t e n s i o n s  of  t h i s  b a s i c  model w i l l  b e  c o n s i d e r e d .  
2.2 I n v e s t m e n t  Submodel 
I n  t h e  model c o n s i d e r e d  above ,  t h e  v a l u e s  o f  t r a i n i n g  f a c i l -  
i t i e s  ( b u i l d i n g s ,  equ ipmen t s ,  e t c . )  w e r e  supposed  t o  b e  g i v e n  
b e f o r e h a n d ,  t h a t  i s ,  t h e  v a r i a b l e s  f s  ( t )  i n  ( 9 )  w e r e  c o n s i d e r e d  
t o  b e  exogenous.  I n  many p r a c t i c a l  c a s e s ,  it i s  p r e f e r a b l e  t o  
i n c o r p o r a t e  i n t o  t h e  manpower model t h e  subsys tem f o r  p l a n n i n g  
t h e  development  o f  t r a i n i n g  f a c i l i t i e s  ( e . g .  c o n s t r u c t i o n  o f  
b u i l d i n g s ) .  . 
L e t  z ( t )  = i z n ( t ) }  be  t h e  v e c t o r  o f  a v a i l a b l e  t r a i n i n g  f a c i l -  
i t i e s  a t  s t e p  t n  = l . . N ) .  The v e c t o r s  x ( t )  may c o n i n c i d e  w i t h  
t h e  vel:t9rs f  ( t )  o r  be  c o n n e c t e d  w i t h  them by some l i p e a r  t r a n s -  
f o r m a t i o n .  
There a r e  M o p t i o n s  ( a c t i v i t i e s )  i n  i n c r e a s i n g  t r a i n i n g  
f a c i l i t i e s .  L e t  
v m ( t )  ( m =  1 ,  ..., M) be t h e  funds  a l l o c a t e d  t o  t h e  m-th 
a c t i v i t y  a t  s t e p  t ;  and 
q n m ( t )  be  t h e  i n c r e a s e  of  t h e  n- th  f a c i l i t y  p e r  u n i t  o f  
m-th a c t i v i t y  a t  s t e p  t ( n =  1 ,  ..., N ;  m =  1 ,  ..., M ) .  
Then t h e  s t a t e  e q u a t i o n s  which d e s c r i b e  t h e  development o f  t h e  
t r a i n i n g  f a g i l i t i e s  w i l l  be t h e  f o l l o w i n g :  
where 1  - 6 ( t )  i s  t h e  d e p r e c i a t i o n  r a t e  f o r  t h e  n- th  f a c i l i t y ,  
n  
and T~ i s  t h e  t i m e  l a g  f o r  i n v e s t m e n t s  i n  t h e  m-th a c t i v i t y .  
I n  m a t r i x  form e q u a t i o n s  (25)  can  be  r e w r i t t e n  a s  
The i n i t i a l  c o n d i t i o n s  
and 
a r e  supposed t o  b e  known. 
CLear ly ,  . 
The budge t  c o n s t r a i n t s  can  b e  g i v e n  e i t h e r  f o r  e a c h  s t e p  t: 
o r  f o r  t h e  t o t a l  p l a n n i n g  p e r i o d :  
where C i s  t h e  g i v e n  b u d g e t  f o r  t h e  whole  p l a n n i n g  p e r i o d .  
I n  t h e  c o n s i d e r e d  case ,  v  ( t )  a r e  a d d i t i o n a l  c o n t r o l  v a r i a b l e s ,  
m 
a n d  c o n s t r a i n t s  ( 8 )  shoul-d b e  r e p l a c e d  by t h e  c o n s t r a i n t s  
where z ( t )  = { z n ( t ) }  i s  t h e  a d d i t i o n a l  s t a t e  v e c t o r  o f  t h e  s y s t e m .  
The deve lopment  o f  c a p i t a l  s t o c k  f o r  e d u c a t i o n a l  s y s t e m s  c a n  
b e  d e s c r i b e d  i n  a  s l i g h t l y  d i f f e r e n t  way: 
where  v e c t o r  v ( t )  = { v  ( t ) }  d e n o t e s  t h e  t o t a l  i n c r e a s e  o f  c a p i t a l  
n  
s t o c k  v e c t o r  z  ( t)  = { z n ( t ) }  i n  t i m e  p e r i o d  t .  The c o n s t r a i n t s  on 
v e c t o r s  v ( t )  a r e  w r i t t e n  i n  t h e  form 
where  m a t r i x  R ( t )  s p e c i f i e s  t h e  r e s o u r c e  r e q u i r e m e n t s  f o r  educa-  
t i o n a l  c a p i t a l  s t o c k  deve lopmen t ,  :and r ( t )  i s  t h e  v e c t o r  o f  exoge- 
n o u s l y  g i v e n  r e s o u r c e s .  
2 . 3  V o c a t i o n a l  T r a i n i n g  Subnodel  
- 
Sys tems  f o r  v o c a t i o n a l  t r a i n i n g  o r  f o r  improv ing  p r o f e s s i o n a l  
s k i l l  p l a y  a n  i m p o r t a n t  r o l e  i n  e d u c a t i o n a l  s y s t e m s .  A s  i n  many 
manpower s y s t e m s ,  it i s  d e s i r a b l e  t o  t a k e  i n t o  a c c o u n t  t h e  con-  
t i n u i n g  p r o c e s s  i n  e d u c a t i o n  o f  t h e  s p e c i a l i s t s .  
The g e n e r a l  scheme o f  p r o f e s s i o n a l  s k i l l  improvement i s  p r e -  
s e n t e d  i n  F i g u r e  2.  
L e t  a l l  manpower b e  broken down i n t o  n  d i f f e r e n t  g r a d e s  
( g r o u p s ) .  The t r a n s i t i o n  o f  a  s p e c i a l i s t  from one group t o  a n o t h e r  
depends on whether  t h i s  s p e c i a l i s t  e n t e r s  c o u r s e s  fofi improving 
h i s  q u a l i f i c a t i o n  o r  n o t .  
L e t  
x i ( t )  b e  t h e  t o t a l  number o f  s p e c i a l i s t s  of  g r a d e  (g roup)  
i ( i  = 1 , .  . . , n )  a t  t h e  beg inn ing  o f  s t e p  t ;  
k  
ui ( t )  be t h e  number o f  s p e c i a l i s t s  o f  g r a d e  i who a t  
s t e p  t e n t e r  c o u r s e s  f o r  improving q u a l i f i c a t i o n s  
o f  t y p e  k  (k  = 1 ,  ... , r ) ;  
A ( t )  = a  ( t )  b e  t h e  t r a n s i t i o n  m a t r i x  f o r  s p e c i a l i s t s  i j 
who do n o t  e n t e r  any c o u r s e s  f o r  improving 
q u a l i f i c a t i o n s  a t  s t e p  t ,  
k  k  B ( t )  = { b . .  ( t ) )  b e  t h e  t r a n s i t i o n  m a t r i x  f o r  s p e c i a l i s t s  
1 3 
who e n t e r  c o u r s e s  a t  s t e p  t ,  r k  b e i n g  t h e  t r a i n -  
i n g  t i m e  f o r  c o u r s e s  o f  t y p e  k ,  and 
vi ( t )  be t h e  new e n t r a n t s  t o  t h e  t y p e  i manpower s t o c k  
a t  s t e p  t .  
Then t h e  e q u a t i o n s  which d e s c r i b e  t h e  dynamic o f  t h e  d i s -  
t r i u b t i o n  o f  s p e c i a l i s t s  o v e r  d i f f e r e n t  g roups  w i l l  b e  t h e  
f o l l o w i n g :  
o r  i n  m a t r i x  form 
Equa t ion  ;t36) can  a l s o  b e  w r i t t e n  i n  t h e  form 
k Here x ( t )  i s  t h e  v e c t o r  o f  s t a t e  v a r i a b l e s  and u  ( t )  a r e  t h e  vec- 
t o r s  o f  c o n t r o l  v a r i a b l e s .  
A s i m p l e r  v e r s i o n  o f  t h e  model i s  r = 1 , T = 0 )  : k 
The i n i t i a l  c o n d i t i o n s  f o r  ( 3 5 )  : 
The c o n s t r a i n t s  can  be  w r i t t e n  i n  t h e  u s u a l  form: 
where { f S  ( t ) )  i s  t h e  v e c t o r  o f  g i v e n  r e s o u r c e s  [ s e e  ( 8 )  1 and 
k 
x j  ( t )  - > 0 ;  u .  3 ( t )  - > 0 
With t h i s  model,  d i f f e r e n t  o b j e c t i v e  f u n c t i o n s  c a n  be  c o n s i d e r e d .  
One i s  t o  m e e t  g i v e n  demand a s  c l o s e l y  a s  p o s s i b l e  ( 2 2 j .  Other  
o b j e c t i v e  f u n c t i o n s  o f  p r a c t i c a l  i n t e r e s t  a r e ,  f o r  example,  t o  
produce  a s  many s p e c i a l i s t s  a s  p o s s i b l e  ( 2 4 )  ( u n d e r  g i v e n  re- 
s o u r c e s  and o t h e r  l i m i t a t i o n s ) ,  o r  t o  minimize t o t a l  e x p e n d i t u r e  
f o r  e d u c a t i o n  (23)  w i t h  g i v e n  r e q u i r e m e n t s  f o r  manpower s u p p l y  
( 1 4 ) .  
2 . 4  Three-Level E d u c a t i o n a l  P l a n n i n g  Model 
I n  t h i s  s e c t i o n ,  w e  c o n s i d e r  t h e  t h r e e - l e v e l  e d u c a t i o n a l  
p l a n n i n g  model, which i n c o r p o r a t e s  t h r e e  subsys tems o f  s p e c i a l i s t  
t r a i n i n g .  T h i s  model i s  a n  o p t i m i z a t i o n  v e r s i o n  o f  t h e  Tinbergen 
model (Cor rea  and T i n b e r g e n ,  1 9 6 2 ) .  
The t h r e e  l e v e l s  i n  e d u c a t i o n  a r e  p r imary ,  szconddry  and 
h i g h e r  e d a c a t i o n  ( F i g .  3 )  ; o r ,  i n  a  h e a l t h  c a r e  sys tem ( P r o p o i ,  
( 1 9 7 8 )  n u r s e s  who g r a d u a t e  from medica l  s c h o o l s ,  p r a c t i c a l  
phys ic ians :  whogradua te  from medica l  i n s t i t u t e s ,  and medica l  spe-  
c i a l i s t s  o f  h i g h  l e v e l  who a r e  t r a i n e d  i n  s p e c i a l  p r o f e s s i o n a l  
c o u r s e s  ( f o r  example,  pos tg radua tes ) ;  o r f i n  an i n d u s t r y ,  t e c h n i c i a n s ,  
e n g i n e e r s  and r e s e a r c h e r s  ( t e a c h e r s )  . 
Some o f  t h e  s e c o n d - l e v e l  s p e c i a l i s t s  can  b e  t e a c h e r s  f o r  t h e  
f i r s t - l e v e l  e d u c a t i o n a l  subsys tem,  and a l l  t h e  t h i r d - l e v e l  spe-  
c i a l i s t s  a r e  supposed t o  b e  i n s t r u c t o r s  e i t h e r  f o r  t h e  second 
l e v e l  o r  f o r  t h e  t h i r d  l e v e l  e d u c a t i o n a l  subsystem. 
W e  now c o n s i d e r  t h e  subsys tems s e p a r a t e l y .  
F i r s t  Level :  L e t  
I 
x i ( t )  b e  t h e  number o f  s p e c i a l i s t s  of  t h e  f i r s t  l e v e l  
1  t y p e  i (i € 1  ) a t  t i m e  p e r i o d  t ( t h e  f i r s t  l e v e l  
manpower s t o c k ) ;  
1  
u k ( t )  b e  t h e  number o f  e n t r a n t s  t o  t h e  f i r s t  l e v e l  
1  
e d u c a t i o n a l  sys tem ( s c h o o l s )  o f  t y p e  k  (k  EK ) 
a t  t i m e  p e r i o d  t; 
1  
a i ( t )  be  t h e  p r o p o r t i o n  o f  s p e c i a l i s t s  of  t h e  f i r s t  
1  l e v e l  t y p e  i (i € 1  ) who l e a v e  t h e  s t o c k  o f  t h e  
f i r s t  l e v e l  l a b o r  f o r c e  d u r i n g  t i m e  t because  
o f  d e a t h  or r e t i r e m e n t  ( t h e  f i r s t  l e v e l  man- 
power s t o c k  a t t r i t i o n  r a t e ) ,  
( t )  b e  t h e  r a t i o  o f  g r a d u a t e d  s p e c i a l i s t s  of t h e  b i k  
f i r s t  l e v e l  t y p e  i t o  t h e  t o t a l  number o f  s t u -  
d e n t s  e n r o l l e d  i n  t h e  f i r s t  l e v e l  s c h o o l s  o f  
t y p e  k  a t  t i m e  t ( t h e  f i r s t  l e v e l  g r a d u a t i n g  
r a t i o )  , 
2 1  ( t )  b e  t h e  number or e n t r a n t s  t o  t h e  second l e v e l  U k i  2  
e d u c a t i o n a l  sys tem ( i n s t i t u t e s )  o f  t y p e  k  (k E K ) 
from t h e  f i r s t  e d u c a t i o n a l  l e v e l  o f  t y p e  i 
(i € I ' ) a t  t i m e  p e r i o d  t ,  
T 
1  
k  be  t h e  t r a i n i n g  p e r i o d  f o r  t h e  f i r s t  e d u c a t i o n a l  1 l e v e l  o f  t y p e  k  (k EK ) .  
Then t h e  s t a t e  e q u a t i o n s  f o r  t h e  f i r s t  e d u c a t i o n a l  l e v e l  w i l l  
1  b e  a s  f o l l o w s  ( i E I  ) :  
W e  have t h e  u s u a l  c o n d i t i o n s  and c o n s t r a i n t s  on v a r i a b l e s  
1  1  
xi ( t )  , uk ( t )  (see S e c t i o n  2 .1)  : 
and 
and i n  a d d i t i o n ,  
1  
where c o e f f i c i e n t s  a i ( t )  s p e c i f y  t h e  a v a i l a b i l i t y  o f  t h e  f i r s t  
l e v e l  s p e c i a l i s t s  f o r  f u r t h e r  e d u c a t i o n  a t  t h e  second l e v e l .  
1  I n  ( 4 1  1 ,  I f  ( t )  1 i s  t h e  v e c t o r  o f  g i v e n  r e s o u r c e s  ( f a c i l i t i e s )  
S. 
f o r  t h e  f i r s t  l e v e l  e d u c a t i o n a l  subsys tem ( e x c l u d i n g  t e a c h e r s ) ,  
and d l k ( t )  i s  t h e  amount o f  r e s o u r c e  o f  t y p e  s which i s  needed 
1  f o r  t h e  e d u c a t i o n  o f  e a c h  s p e c i a l i s t  o f  t y p e  k  ( k E K  ) a t  t i m e  t .  
1  The g i v e n  r e s o u r c e s  v e c t o r  { f  ( t ) )  does  n o t  now i n c l u d e  t h e  
S 
number o f  t e a c h e r s  a v a i l a b l e  f o r  t h e  f i r s t  l e v e l  e d u c a t i o n a l  
sys tem.  I n  t h e  t h r e e  l e v e l  model under  c o n s i d e r a t i o n ,  t h e s e  con- 
s t r a i n t s  can  b e  t r e a t e d  s e p a r a t e l y .  
I t  i s  supposed  t h a t  some o f  t h e  s e c o n d  l e v e l  s p e c i a l i s t s  
are t e a c h e r s  f o r  t h e  f i r s t  l e v e l  e d u c a t i o n a l  sys t em.  The set o f  
- - L 
a l l  s u c h  s p e c i a l i t i e s  i s  d e n o t e d  by I1.  The se t  I~ o f  a l l  s econd  
2  l e v e l  s p e c i a l i t i e s  c o n t a i n s  t h e  t e a c h e r s  se t  I , :  I 31 
'I 
L e t  1  - 
a l s o  x f l ( t )  b e  t h e  number o f  t e a c h e r s  a v a i l a b l e  i n  s p e c i a l i t y  
i E I : C I ~  a t  t i m e  t .  1 
G e n e r a l l y  s p e a k i n g ,  a  t e a c h e r  s p a r e s  o n l y  p a r t  of  h i s  work- 
i n g  t i m e  f o r  t e a c h i n g ;  t h e  o t h e r  p a r t  may be  l e f t  f o r  p r a c t i c i n g .  
L e t  
L 
&i, ( t )  b e  t h e  r a t i o  o f  t e a c h i n g  t i m e  t o  t o t a l  working  
I 
t i m e  f o r  t h e  second  l e v e l  s p e c i a l i s t s  o f  t y p e  
2 2  i l E I 1  ( 0 ~ 6 ~  ( t )  < l )  and 
1 
- 
g : l k ( t )  b e  t h e  r a t i o  o f  r e q u i r e d  t e a c h e r s  o f  t y p e  i l  
t o  s t u d e n t s  e n r o l l e d  i n  t h e  f i r s t  e d u c a t i o n a l  
2  1 l e v e l  o f  t y p e  k  ( il  € I 1 ;  k E K  1 .  
Then t h e  r e q u i r e m e n t s  f o r  t e a c h e r s  o f  s p e c i a l i t i e s  o f  t y p e  
2  i 
€1,'  which  are n e c e s s a r y  f o r  t r a i n i n g  t h e  f i r s t  l e v e l  s t u d e n t s ,  1 
c a n  b e  w r i t t e n  i n  t h e  form 
Second l e v e l :  L e t  
2  
x i ( t )  b e  t h e  number o f  s econd  l e v e l  s p e c i a l i s t s  o f  
2  t y p e  i (i E  I ) a t  t i m e  t ( t h e  second  l e v e l  
manpower s t o c k )  ; 
2  
u k ( t )  b e  t h e  number o f  e n t r a n t s  t o  t h e  i n s t i t u t e s  o f  
2  
t y p e  k ( k E K  ) ;  
2  
a i  ( t )  b e  t h e  p r o p o r t i o n  o f  s econd  l e v e l  s p e c i a l i s t s  
? 
o f  t y p e  i (i E I ~ )  who l e a v e  t h e  s t o c k  o f  t h e  
second  l e v e l  s p e c i a l i s t s  d u r i n g  t i m e  p e r i o d  t 
( t h e  s e c o n d  l e v e l  manpower s t o c k  a t t r i t i o n  r a t e ) ;  
b : k ( t )  b e  t h e  r a t i o  o f  s e c o n d  l e v e l  g r a d u a t e s  o f  t y p e  
2  i (i  €1 ) t o  t h e  t o t a l  number o f  s t u d e n t s  en-  
r o l l e d  i n  t h e  i n s t i t u t e s  o f  t y p e  k  ( k  E K ~ )  a t  
t i m e  t ;  
u32  ( t )  b e  t h e  number o f  s e c o n d  l e v e l  s p e c i a l i s t s  o f  k i  
t y p e  i who e n t e r  t h e  t h i r d  l e v e l  e d u c a t i o n a l  
3  
s u b s y s t e m  a t  t i m e  t ( i  E I ~ ,  k EK ) ; 
2  
Tk b e  t h e  t r a i n i n g  t i m e  f o r  t h e  s e c o n d  e d u c a t i o n a l  2  l e v e l  o f  t y p e  k  ( k  E  K ) . 
Then t h e  s t a t e  e q u a t i o n s  f o r  t h e  s e c o n d  e d u c a t i o n a l  l e v e l  
2  
s u b s y s t e m  w i l l  b e  t h e  f o l l o w i n g  (i E  I ) : 
2  2  2  1  2  
+ *K i 2  bik(t-Tt)[<(t- :k)  + i ~ 1 1  L@-rk) 1 -  E K  i 3 % i  32 (t) . 
E q u a t i o n s  ( 4 4 )  a r e  v a l i d  i f  t h e  t e a c h e r s  ( f o r  t h e  f i r s t  e d u c a -  
2 t i o n a l  l e v e l ,  i E I 1 )  d i v i d e  t h e i r  w o r k i n g  t i m e  b e t w e e n  p r a c t i c i n g  
a n d  t e a c h i n g .  I n  t h i s  case, t h e  r ea l  manpower s t o c k  s h o u l d  b e  
i n t r o d u c e d  b y :  
x. ( t )  , 2  1 if i 9 1, , 
* 
x .  ( t )  = 
1 (4+5 2  2  [ I - G i ( t ) 1 x i ( t )  , i f  i E  I ,  . 
I f  t h e  t e a c h e r s  d o  n o t  p r a c t i c e  a n d  t h u s  r e a l l y  l e a v e  
t h e  s e c o n d  l e v e l  manpower s t o c k ,  t h e n  t h e  r i g h t  s i d e  o f  t h e  e q u a -  
2  2 t i o n  ( 4 4 )  s h o u l d  b e  r e d u c e d  b y  t h e  t e r m s  G i  ( t ) x i  ( t )  f o r :  i E  I1 .  
The  i n i t i a l  c o n d i t i o n s  
and c o n s t r a i n t s  
have s i m i l a r  form t~ t h o s e  f o r  t h e  f i r s t  l e v e l  subsys tem.  (Con- 
s t r a i n t s  i n  t e a c h i n g  f a c i l i t i e s  o f  t h e  second l e v e l  subsys tem 
w i l l  be c o n s i d e r e d  l a t e r ) .  
T h i r d  l e v e l :  The t h i r d  l e v e l  subsys tem i s  t h e  h i g h e s t  educa- 
t i o n a l  l e v e l  i n  t h e  c o n s i d e r e d  model. L e t  
3 
x i ( t )  be  t h e  number o f  t h i r d  l e v e l  s p e c i a l i s t s  of  
3 t y p e  i ( i E I  ) a t  t i m e  t ;  
3 
a i ( t )  be  t h e  p r o p o r t i o n  o f  t h i r d  l e v e l  s p e c i a l i s t s  of  
3 t y p e  i ( i E I  ) who l e a v e  t h e  s t o c k  o f  t h e  t h i r d  
l e v e l  l a b o r  f o r c e  d u r i n g  t i m e  p e r i o d  t because  
o f  d e a t h  o r  r e t i r e m e n t  ( t h e  t h i r d  l e v e l  manpower 
s t o c k  a t t r i t i o n  r a t e ) ;  
b:k(t)  b e  t h e  r a t i o  of  t h i r d  l e v e l  g r a d u a t e s  of t y p e  
3 i (i E  I ) t o  t h e  t o t a l  number o f  second l e v e l  
s p e c i a l i s t s  e n r o l l e d  i n  t h e  t h i r d  l e v e l  educa- 
3 t i o n a l  subsys tem o f  t y p e  k  ( k E K  ) a t  t i m e  t; 
3 
Tk be  t h e  t r a i n i n g  t i m e  f o r  t h i r d  l e v e l  s p e c i a l i s t s  3 
o f  t y p e  k  EK . 
Then t h e  s t a t e  e q u a t i o n s  f o r  t h e  t h i r d  l e v e l  e d u c a t i o n a l  subsys tem 
3 
w i l l  be  t h e  f o l l o w i n g  (i € 1  ) : 
I t  i s  supposed t h a t  t h e r e  i s  n a t  any e n r o l l m e n t  t o  t h e  t h i r d  l e v e l  
e d u c a t i o n a l  subsys tem o u t s i d e  o f  t h e  sys-tem. 
The i n i t i a l  c o n d i t i o n s  f o r  t h e  t h i r d  l e v e l  s u b s y s t e m - a r e :  
Each s p e c i a l i s t  a t  t h e  t h i r d  l e v e l  i s  supposed t o  b e  a  t e a c h e r  
e i t h e r  f o r  t h e  second l e v e l  o r  f o r  t h e  t h i r d  l e v e l  e d u c a t i o n a l  
subsys tem.  L e t  
3 6 i ( t )  b e  t h e  r a t i o  o f  t e a c h i n g  t i m e  t o  t o t a l  working 
t i m e  f o r  t h e  t h i r d  l e v e l  s p e c i a l i s t s  o f  t y p e  
3 i ( i E I  ) ;  
g;:(t) be  t h e  r a t i o  o f  r e q u i r e d  t h i r d  l e v e l  t e a c h e r s  
3 
o f  t y p e  i (i €1 ) t o  s t u d e n t s  e n r o l l e d  i n  t h e  
2 
second educational level  of type k  (kEK ) a t  t i n e  t; 
( t )  b e  t h e  r a t i o  o f  t h i r d  l e v e l  t e a c h e r s  o f  t y p e  g i k  3 i (i  €1 ) r e q u i r e d  f o r  t r a i n i n g  t h e  second 
l e v e l  s p e c i a l i s t s  e n r o l l e d  i n  t h e  t h i r d  educa-  
3 t i o n a l  l e v e l  o f  t y p e  k  ( k  EK ) a t  t i m e  t .  I 
Then t h e  r e q u i r e m e n t s  f o r  t e a c h e r s  f o r  b o t h  t h e  second and t h e  
t h i r d  l e v e l  e d u c a t i o n a l  subsys tems  c a n  b e  w r i t t e n  i n  t h e  form 
3 ( i E I  ) 
The r e a l  manpower s t o c k  o f  t h i r d  l e v e l  s p e c i a l i s t s  w i l l  b e  d e f i n e d  
by t h e  e x p r e s s i o n  
- 3 3 3 3 
x i ( t )  = [ 1  - G i ( t ) l x i ( t )  ( i f  I ) 
O t h e r  c o n s t r a i n t s  f o r  t h e  t h i r d  l e v e l  subsys tem a r e  w r i t t e n  
i n  t h e  o r d i n a r y  form: 
3  
xi ( t )  - > o (i E I ~ )  
-, * rn - 
3  3  where f  ( t )  = { f S  ( t)  } i s  t h e  v e c t o r  o f  g i v e n  r e s o u r c e s  ( f a c i l i t i e s )  
f o r  t h e  t h i r d  l e v e l  e d u c a t i o n a l  subsys tem ( e x c l u d i n g  t e a c h e r s )  
and  d:k(t)  i s  t h e  amount o f  t h e  r e s o u r c e  o f  t y p e  s, which i s  
needed f o r  t r a i n i n g  one  s p e c i a l i s t  o f  t y p e  k  a t  t i m e  t .  
O b j e c t i v e  f u n c t i o n :  C o n s i d e r i n g  t h e  s t a t e  e q u a t i o n s  and 
c o n s t r a i n t s  f o r  t h e s e  t h r e e  l e v e l s ,  one can  see t h a t  i f  t h e  num- 
3 2 b e r  05  s t e p s  T f o r  s t a t e  v a r i a b l e s  { x  ( t )  , x  ( t )  . x 3 ( t ) }  i s  f i x e d ,  
t h e n  t h e  d u r a t i o n  o f  c o n t r o l  s equences  w i l l  b e  d i f f e r e n t  f o r  con- 
t r o l s  o f  e a c h  subsys tem (see F i g u r e  4 where s h a d i n g  d e n o t e s  t h e  
g i v e n  a  p r i o r i  v a l u e s ) .  The re  a r e  s e v e r a l  ways t o  t r e a t  t h i s  
s i t u a t i o n .  For  example ,  one  can  choose  l a r g e  T and  c o n s i d e r  
a l l  t h e  v a r i a b l e s  on$y f o r  t h e  p e r i o d  which i s  e q u a l  t o  
- 
3 3  
m i n  {T - 1  - r1 T - 1  - r  T - 1  - ik},  o r  assume t h a t  t h e  number o f  s t e p s  k  ' k  ' 
f o r  a 1 1  s t a t e  v a r i a b l e s  i s  t h e  same and  i s  e q u a l  t o  T ( P r o p i ,  1978). 
W e  s h a l l  now f o r m u l a t e  t h e  pe r fo rmance  i n d e x  f o r  t h i s  model,  
which w i l l  cluantif;. t h e  q u a l i t y  o f  a  chosen  p l a n  o f  e n r o l l m e n t  
f o r  a l l  t h r e e  e d u c a t i o n a l  subsys tem l e v e l s .  
I t  i s  supposed  t h a t  t h e  p r o j e c t e d  f i g u r e s  of  demand f o r  e a c h  
l e v e l  o f  s p e c i a l i s t s  a r e  a v a i l a b l e  f o r  a l l  t i m e  p e r i o d s  t o f  
n l a n n i n g  p e r i o d  T I  t h a t  i s ,  t h e  numbers 
a r e  g i v e n  f o r  e a c h  t = 1 ,  ..., T .  
The o b j e c t i v e  i n  p l a n n i n g  t h e  t h r e e - l e v e l  model under  con- 
s i d e r a t i o n  i s  t o  d e t e r m i n e  a  p l a n  f o r  e n r o l l m e n t  t o  a l l  t h r e e  
e d u c a t i o n a l  subsys tems  
2  3  2  1 2  1 3  2  4l (t),  (t),  % (t),  % (t) (kl EK ; k2EK ; i l E I  ;k3EK ; i 2 E I  
2  1 2  3  2  
w w f o r  e a c h  t = 0 , 1 ,  ..., T  - 1 where T  i s  d i f f e r e n t  f o r  e a c h  w-th 
( w - = 1 , 2 , 3 )  s u b s y s t e m  ( F i g u r e  4 ) ,  which s a t i s f i e s  a l l  t h e  dynamic 
and  s t a t i c  c o n s t r a i n t s  o f  t h e  sys t em a n d  y 5 e l d s  t h e  manpower 
s t o c k  [ s e e  ( 4 5 )  a n d  ( 5 3 ) l  : 
-2 3  ( t ) ,  xi ( t ) ,  x: ( t )  (il  €1'; i2 ~ 1 ~ ;  i3 €1 1 Xi 1  2  3  
a s  close t o  demand ( 5 5 )  a s  p o s s i b l e  f o r  t h e  whole p l a n n i n g  h o r i z o n  
t = 1 , .  . . ,T. Thus t h e  o b j e c t i v e  f u n c t i o n  c a n  b e  w r i t t e n  a s  
1  '1 2  2 3  3 
where ai ( t )  (i €1 ) , ai ( t )  (i €1 ) , ai ( t )  (i E  I ) a r e  some weigh t -  
i n g  c o e f f i c i e n t s ,  a n d  xl(t) and %:(t) a r e  d e f i n e d  by ( 4 5 )  and 
( 5 3 )  
Remarks The t h r e e  l e v e l  model ,  l i k e  Problem 1 ,  a l l o w s  d i f -  
--
f e r e n t  m o d i f i c a t i o n s  and v a r i a n t s .  
a .  The s i m p l e  case o f  t h i s  t h r e e  l e v e l  s y s t e m  i s  when 
t y p e s  o f  e d u c a t i o n  s p e c i a l i t i e s  d i r e c t l y  c o r r e s p o n d  t o  t h e  s p e -  
c i a l i t i e s  i n  manpower s t o c k .  Then t h e  s t a t e  e q u a t i o n s  ( 3 8 )  
( 4 4 )  and  ( 5 0 )  a r e  r e p l a c e d  by t h e  f o l l o w i n g  [ c f .  ( 5 ) ]  : 
3  32 1  2  3  
x3 (t + 1) = (1 - a .  )x .  (t) + 1 ui (t) (il €1 ,i2 €1 ,i3 €1 ) . 
l 3  l 3  l 3  i2 3  2  
The s t a t e  e q u a t i o n s  ( 5 8 )  y i e l d  DLP p r o b l e n s  of a  t r a n s p o r -  
t a t i o n  t y p e  SPropoi ,  1 9 7 6 ) .  
b. I f  i n  t h e  s t a t e  e q u a t i o n s  ( 3 3 ) ,  ( 4 4 )  and ( 5 0 )  t h e  
t r a n s i t i o n s  from one  group i t o  a n o t h e r  j a r e  p e r m i t t e d ,  t h e n  t h e  
t e r m s  (1  - ai ( t ) ) x i  ( t )  i n  t h e s e  e q u a t i o n s  s h o u l d  be  r e p l a c e d  by 
t h e  L a i j  ( t ) x .  ( t )  [ c f .  ( 3 1 1 .  . 
j I 
c .  I t  was supposed above ,  t h a t  e a c h  s p e c i a l i s t  who e n t e r s  
t h e  n e x t  e d u c a t i o n a l  l e v e l ,  g r a d u a t e s  from it. I f  w e  assume t h a t  
2  ( 1  - bik ( t )  ) and ( 1  - b l k  ( t )  ) a r e  t h e  a t t r i t i o n  r a t e s  f o r  t h e  second 
and t h i r d  B d u c a t i o n a l  l e v e l s ,  t h e n  t h e  d r o p o u t s  
and 
3  3  32 (t-T 3  ) = zi 2  (t), i2 E I 2  3  i k  1 2  %j k  
kEK 2  jEI 2 
s h o u l d  be added t o  khe second and t h i r d  l e v e l  manpower s t o c k  i n  
1  2  t i m e  p e r i o d  t .  Here z  ( t )  , i l  E 1' ( z  ( t )  , i2 2 E I ) i s  t h e  num- 
i l  12  
b e r  o f  s p e c i a l i s t s  o f  t y p e  il (i2) who do n o t  g r a d u a t e  from t h e  
second  ( t h i r d )  l e v e l  e d u c a t i o n a l  subsys tem and t h e r e f o r e  r e t u r n  
t o  t h e  f i r s t  ( s e c o n d )  l e v e l  manpower s t o c k .  
d .  A s  was mentioned above,  t h e  c o n s i d e r e d  model i s  an op- 
t i m i z a t i o n  v e r s i o n  (see a l s o  P r o p o i ,  1978) o f  t h e  Tinbergen econ-, 
o m e t r i c  model (Cor rea  and T i n b e r g e n ,  1962 and Bowles 1 9 6 9 ) .  I n  
t h e  l a t t e r  c a s e ,  t h e r e  i s  no freedom i n  t h e  c h o i c e  o f  e n r o l l m e n t  
t o  a l l  t h r e e  e d u c a t i o n a l  l e v e l s ,  and t h e  s t a t e  e q u a t i o n s  a r e  
used t o  d e r i v e  a set  o f  r e q u i r e d  e n r o l l m e n t s  f o r  an  exogenously  
g i v e n  ra te  o f  economic growth.  T h i s  economic growth  d e t e r m i n e s  
t h e  demand f o r  l a b o r  f o r c e  ( 5 6 ) ,  and t h e  problem t h e n  i s  t o  c a l -  
c u l a t e  from t h e  e q u a t i o n s  ( 3 8 ) ,  ( 4 4 )  and ( 5 0 )  s u c h  e n r o l l m e n t s  
f o r  which 
h o l d .  
2 .5 Some A p p l i c a t i o n s  and Comments 
Above, t h e  b a s i c  model and i t s  m o d i f i c a t i o n s  and v a r i a n t s  
w e r e  c o n s i d e r e d .  These m o d i f i c a t i o n s  c a n e i t h e r  b e  r educed  t o  t h e  
b a s i c  Problem 1  o r  DLP methods can  be  d i r e c t l y  used  f o r  t h e i r  
s o l u t i o n s .  Now w e  c o n s i d e r  s a n e  a p p l i c a t i o n s  of  t h e s e  models  
(see a l s o  t h e  s u r v e y  of McEamara, 1 9 7 3 ) .  
a .  On t h e  n a t i o n a l  l e v e l ,  a DLP model f o r  a d e v e l o p i n g  coun- 
t r y ' s  e d u c a t i o n a l  s y s t e m  w a s  c o n s i d e r e d  by Bowles ( 1 9 6 9 )  (and h a s  
been a p p l i e d  i n  Canada) .  The c o n t r o l  v a r i a b l e s  i n c l u d e  e n r o l l m e n t s  
and r e s o u r c e s  used  a t  t h e  v a r i o u s  e d u c a t i o n a l  l e v e l s  ( p r i m a r y ,  
secondary ,  t e c h n i c a l  and  h i g h e r ) .  The model a l l o w s  t h e  i n c l u s i o n  
o f  t h e  impor t  of a number o f  t y p e s  o f  e d u c a t e d  l a b o r  and t h e  
s e n d i n g  ab road  o f  s t u d e n t s  f o r  t h e i r  e d u c a t i o n .  Thus f o r  some 
t y p e s  of  l a b o r ,  t h e r e  a r e  t h r e e  c p t i o n s :  t h e  p r o d u c t i o n  o f  l a b o r  
t o  a  g i v e n  l e v e l  o f  s c h o o l i n g  w i t h i n  t h e  sys tem;  t h e  p r o d u c t i o n  
o f  l a b o r  o u t s i d e  t h e  sys tem;  o r  t h e  i m p o r t a t i o n  o f  l a b o r  p o s s e s s -  
i n g  t h e  r e q u i r e d  e d u c a t i o n a l  a t t a i n m e n t s  from o u t s i d e  t h e  sys tem.  
C o n s t r a i n t s  r e f l e c t  t h e  a v a i l a b i l i t y  of  d i f f e r e n t  t y p e s  o f  
t e a c h e r s ,  s t u d e n t  e n r o l l m e n t s  and  t r a n s f e r s  among t h e  v a r i o u s  
t y p e s  of  s c h o o l s ,  s c h o o l  c o n s t r u c t i o n  and c u r r e n t  f a c i l i t y  usage ,  
t e a c h e r  r e c r u i t m e n t  o r  i m p o r t a t i o n ,  and l e g a l  r e s t r i c t i o n s .  Pro-  
d u c t i o n  p r o c e s s e s  i n  t h e  res t  of  t h e  economy a r e  n o t  i n c l u d e d  i n  
t h e  model e x p l i c i t l y ;  t h a t  i s ,  t h e  demands f o r  t h e  o u t p u t s  o f  t h e  
e d u c a t i o n a l  sys tem and  t h e  s u p p l y  f o r  e d u c a t i o n a l  i n p u t s  a r e  g i v e n  
exogenously .  
The t i m e  p e r i o d  o f  o n l y  e i g h t  y e a r s  was c h o s e n  f o r  a  p l a n n i n g  
h o r i z o n ,  b u t  t h e  model i s  o p e r a t e d  o n  a  year -by-year  s e q u e n t i a l  
b a s i s .  ("hat  i s ,  f o r  e a c h  c u r r e n t  s t a t e  o f  t h e  s y s t e m ,  which i s  
c o n s i d e r e d  a s  i n i t i a l ,  a  new 8 y e a r  p l a n  i s  computed -  The p r o c e s s  
i s  t h e n  r e p e a t e d  f o r  t h e  n e x t  y e a r ) .  
From a  m a t h e m a t i c a l  p o i n t  o f  v i ew,  t h e r e  a r e  fio s t a t e  equa-  
t i o n s  and s t a t e  v a r i a b l e s  i n  e x p l i c i t  form ( i n  B o w l e s ,  1 9 6 9 ) .  
However, t h e  model c a n  b e  e a s i l y  r e f o r m u l a t e d  i n  t h e  DLP f o r m a t  
o f  Problem 1 .  
b.  Opt imal  i n v e s t n e n t  p o l i c i e s  f o r  e d u c a t i o n  w e r e  c o n s i d e r e d  
by R i t s e n  (1375 a n d  1976). The i n v e s t m e n t  problem c o n s i d e r s  t h e  
d i s t r i b u t i o n  o f  a  g i v e n  b u d g e t  o v e r  c o u r s e s  ( R i t s e n , 1 9 7 6 )  o r  t h e  
b a l a n c e d  i n c r e a s e  o f  t h e  number o f  t e a c h e r s  and  t h e  volume o f  
t h e  b u i l d i n g s  ( R i t s e n ,  1975)  . The o b j e c t i v e  i n  t h e  f i r s t  c a s e  i s  
t o  minimize  t h e  d e v i a t i o n  o f  t h e  a c t u a l  manpower a v a i l a b l e  f rom 
t h e  manpower t a r g e t s .  I n  t h e  s e c o n d  c a s e ,  it i s  t h e  m i n i n i z a t i o n  
o f  t o t a l  f u n d s  a l l o c a t e d  t o  t h e  sys t em.  These  models  w e r e  f o r -  
m u l a t e d  i n  q u a d r a t i c  forms  b u t  c a n  b e  r e f o r x u l a t e d  i n  DLP t e r m s .  
c.  A s i m p l e  m u l t i p e r i o d  model f o r  a t r a i n i n g  program was 
c o n s i d e r e d  by B a l i n s k y  (1974).  The o b j e c t i v e  f u n c t i o n  i s  composed 
o f  a n  e d u c a t i o n a l  c o s t  and manpower s h o r t a g e  o r  s u p p l u s  c o s t  
components .  The model may b e  used  f o r  p l a n n i n g  a  t r a i n i n g  p ro -  
gram f o r  h i g h  s c h o o l  d r o p o u t s ,  or  h i g h  s c h o o l  g r a d u a t e s  or a 
Master's d e g r e e  p rogram o f  a p a r t i c u l a r  s p e c i a l i t y .  Due t o  t h e  
s m a l l  d imens ion  o f  t h e  problem c o n s i d e r e d ,  a  dynamic programming 
method was u s e d  f o r  i t s  s o l u t i o n .  
d.  On t h e  i n s t i t u t i o n a l  l e v e l ,  a  DLP model was c o n s i d e r e d  
by Walters, Mangold a n d  Haran (1976)  which w a s  d e s i g n e d  t o  a i d  
t h e  a d m i n i s t r a t o r  o f  a s c h o o l  i n  p l a n n i n g  and d e c i s i o n - m a k i n g  f o r  
a f i v e - y e a r  h o r i z o n .  T h e r e  w a s  n o  c o n s t r a i n t ,  i m p l i c i t  or  e x p l i -  
c i t ,  p u t  o n  t h e  s t r u c t u r e  o f  t h e  s c h o o l  t o  b e  modeled. The s c h o o l  
may b e  i n t e r d i s c i p l i n a r y ,  or  o r g a n i z e d  by d e p a r t m e n t s ,  and t h u s  
t h e  model c a n  r e p r e s e n t  t h e  u n i v e r s i t y  i t s e l f  w i t h  a l i t t l e  modi- 
f i c a t i o n .  The o p t i m i z a t i o n  model w a s  f o r m u l a t e d  i n  g o a l  
programming terms and f o r  t h e  p r o t o t y p e  c a s e ,  has  a  dimension of  
436 c o n s t r a i n t s  and 966 v a r i a b l e s .  The problem was s o l v e d  on an 
IBM 370/175 u s i n g  MPSX. 
A s i m p l e  DLP model was used by A v e r i l l  (1975) t o  a n a l y z e  ad- 
m i s s i o n  p o l i c i e s  f o r  Yale  U n i v e r s i t y  under  t h e  c o n v e n t i o n a l  two- 
t e r m  o p e r a t i o n  and w i t h  t h e  proposed summer t e r m .  The o b j e c t i v e  
o f  t h e  model was t o  d e t e r m i n e  t h e  admiss ion  p o l i c y ,  which maximizes 
t h e  number o f  s t u d e n t s  i n  r e s i d e n c e  ( t h e r e f o r e  minimizing t h e  
number o f  v a c a n c i e s )  s u b j e c t  t o  c o n s t r a i n t s  on e n r o l l m e n t  c a p a c i t y  
and admiss ion  mix. The mode l ' s  advan tage  i s  t h a t  t h e  b a s i c  d a t a  
r e q u i r e d  t o  run  it i s  normal ly  a v a i l a b l e .  Thus, t h e  model can 
b e  used by o t h e r  u n i v e r s i t i e s  t o  a i d  i n  t h e i r  e n r o l l m e n t  p lann ing .  
e. Other  e d u c a t i o n a l  p l a n n i n g  models a r e  c o n s i d e r e d ,  f o r  
example, i n  Bartholomew and  Morr i s  ( 1 9 7 1 ) ,  Bermant (1972 and 1 9 7 5 ) ,  
Khan ( 1 9 7 1 ) ,  Menges and Els termann ( 1 9 7 1 ) ,  Law ( 1 9 7 7 ) ,  McNamara 
( 1  973) , Riordon and Mason ( 1 9 7 1 ) ,  S inha  and d e  Cenzo ( 1 9 7 5 ) ,  and 
Smith ( 1  971 ) . I t  shou ld  be noted  t h a t  f r e q u e n t l y  t h e  models a r e  
used on a  s i m u l a t i o n  b a s i s .  For  example, e n r o l l m e n t  o f  new en- 
t r a n t s  i s  determined by a  m u l t i v a r i a b l e  r e g r e s s i o n  model and t h e n  
t h e  s t a t e  e q u a t i o n s  o f  t h e  ( 1 )  type  a r e  used f o r  t h e  f o r e c a s t i n g  
o f  manpower o r  t o t a l  s t u d e n t s  s t o c k  [ s e e ,  f o r  example, Law (1977) I . 
3. MANPOWER PLANNING MODELS 
The s t r u c t u r e  o f  t h i s  s e c t i o n ,  i n  which manpower models a r e  
c o n s i d e r e d ,  i s  s i m i l a r  t o  t h e  p r e v i o u s  s e c t i o n  on e d u c a t i o n a l  
models:  f i r s t ,  b a s i c  models a r e  i n t r o d u c e d  ( t h e r e  a r e  two models 
h e r e :  one  i s  w i t h  r e c r u i t m e n t  a s  a  c o n t r o l  and t h e  second 1s 
w i t h  promotion a s  a  c o n t r o l ) ,  t h e n  d i f f e r e n t  m o d l f i c a t l o n s  and 
a p p l i c a t i o n s  a r e  d i s c u s s e d .  
3.1 Bdsic  Model I 
S t a t e  E q u a t i o n s :  Consider  a  p o p u l a t i o n  which i s  p a r t i t i o n e d  
i n t o  n  g r a d e s  ( r a n k s ,  c l a s s e s ,  age  g roups ,  r e g i o n s ,  s p e c i a l i t i e s ) .  
L e t  xi ( t )  be t h e  number o f  peop le  i n  g rade  i (i = 1  , . . . , n )  a t  t ime  
p e r i o d  t ;  x i ( t )  i s  t h e  s t o c k  o f  manpower g r a d e  i a t  t i m e  t ;  c o e f -  
f i c i e n t  a  ( t )  be t h e  p r o p o r t i o n  o f  p e o p l e  i n  g r a d e  i a t  t ime  i j  
t + 1  who were i n  g r a d e  j a t  t i m e  t ,  and u .  ( t )  be t h e  number o f  
1 
r e c r u i t m e n t s  i n  g r a d e  i a t  t i m e  t .  Then t h e  s t a t e  e q u a t i o n s  which 
d e s c r i b e  t h e  dynamics o f  t h e  sys tem can  be w r i t t e n  a s  f o l l o w s  
( i = 1 ,  ..., n;  t = O , 1  ,..., ) :  
o r  i n  v e c t o r  form 
Here x ( t )  = { x l  ( t )  ,. . . , x  ( t )  ) is  t h e  s t a t e  v e c t o r ,  and u ( t )  
n  
= {u l  ( t )  ,. . . ,un ( t )  1 i s  t h e  c o n t r o l  v e c t o r .  
T I n  many c a s e s ,  A ( t )  = P ,  P b e i n g  t h e  t r a n s f e r  ( p r o n o t i o n )  
m a t r i x  w i t h  e l e m e n t s  p i j  ( p r o b a b i l i t i e s  w i t h  which members of 
g r a d e  i move t o  g r a d e  j ) .  I n  t h i s  c a s e ,  s t a t e  e q u a t i o n  ( 6 0 )  
i s  r e p l a c e d  by 
x  ( t )  b e i n g  a  row v e c t o r .  
Hence, t h e  e q u a t i o n  ( 5 9 )  a l l o w s  s t o c h a s t i c  i n t e r p r e t a t i o n  
w i t h  x i ( t )  a s  t h e  e x p e c t e d  number o f  p e o p l e  i n  g rade  i a t  t i m e  t 
(Bartholomew, 1973; G r i n o l d  and M a r s h a l l ,  1977) . 
A more g e n e r a l  form o f  t h e  e q u a t i o n  (59)  i s  when r e c r u i t m e n t  - 
v e c t o r  u  ( t )  has  t h e  o t h e r  p a r t i t i o n  i n  comparison w i t h  t h e  manpower 
s t o c k  v e c t o r  x ( t )  : { u ( t )  = ~ ( t ) }  ( k = l ,  ..., r ) .  I n  t h i s  c a s e ,  t h e  
m a t r i x  B ( t )  = {bik (t) i s  i n t r o d u c e d  which shows t h e  d i s t r i b u t i o n  
o f  r e c r u i t m e n t s  o f  t y p e  k  o v e r  t h e  manpower s t o c k  g r a d e s  i 
( i =  1 ,  ..., n )  and t h e  s t a t e  e q u a t i o n s  ( 5 9 )  i s  r e p l a c e d  by [ s e e  (2811: 
I n i t i a l  s t a t e  i n  t h e  s t a t e  e q u a t i o n  (59)  i s  supposed t o  
be  g i v e n  
Using ( 5 9 )  and ( 6 3 ) ,  t h e  s t a t e  v a r i a b l e  x ( t )  can b e  ex- 
p r e s s e d  a s  a  f u n c t i o n  o f  c o n t r o l s  u ( t )  i n  a n  e x p l i c i t  form 
( P r o p o i ,  1973) :  
where 
@ ( t , ~ )  = A ( t )  ... A ( T ) ;  
@ (t ,  t + 1 ) = I ,  I i s  an i d e n t i t y  m a t r i x .  
W e  can r e w r i t e  (G4)'  a s  
where 
and i n  m a t r i x  W ( ~ , T )  c o e f f i c i e n t  w ( t , ~ )  i s  t h e  proportion o f  i j 
peop le  e n t e r i n g  g r a d e  j a t  t i m e  p e r i o d  T who a r e  coun ted  In g r a d e  
i a t  t i m e  p e r i o d  t ( t ;  i f  = l , . . . , n ) ;  ( t )  i s  t h e  l e g a c y  i n  
1 
g r a d e  i a t  t i m e  t ,  which d e n o t e s  t h e  c o n t r i b u t i o n  o f  p a s t  i n p u t s  
( t <  0)  t o  t h e  s t o c k  a t  f u t u r e  t i m e  t .  
F r e q u e n t l y ,  t h e  m a t r i x  A ( t )  i s  c o n s t a n t  o v e r  t i m e :  A ( t )  = A .  
I n  t h i s  c a s e  
and i n s t e a d  o f  ( 5 5 )  w e  have  
I f  w e  assume t h a t  M i s  t h e  maximum number o f  t i m e - s t e p s  w i t h  
which a n  i n d i v i d u a l  i s  e n c o u n t e r e d ,  t h e n  o n l y  ( M + 1 )  m a t r i c e s  
W ( 0 )  , . . . , W  ( M )  a r e  needed  f o r  d e s c r i b i n g  t h e  f l o w s  t h r o u g h  t h e  
sys t em.  I n  t h i s  c a s e ,  ( 6 6 )  i s  r e p l a c e d  by 
Models which  a r e  d e s c r i b e d  by t h e  s t a t e  e q u a t i o n s  ( 5 9 ) a r e  
c a l l e d  c r o s s - s e c t i o n a l  models  i n  ( G r i n o l d ,  M a r s h a l l ,  1 9 7 7 ) ,  a s  
compared t o  l o n g i t u d i n a l  mode l s ,  which a r e  d e s c r i b e d  by e q u a t i o n s  
( 6 5 )  o r  ( 6 7 ) ,  i n  which s t a t e  v a r i a b l e s  a r e  e x c l u d e d .  The con- 
n e c t i o n  be tween t h e  two t y p e s  o f  models  a r e  g i v e n  by ( 6 4 )  (see a l s o  
Zadeh and D e s o e r ,  1 9 6 3 ) .  The l o n g i t u d i n a l  models  a t t e m p t  t o  
d e s c r i b e  t h e  f l o w  o f  a  g roup  ( g r a d e )  t h r o u g h  t h e  manpower sys t em 
o v e r  t i m e  and a r e  b a s e d  on  t h e  e n t i r e  h i s t o r y  o f  t h e  g r o u p  ( 6 7 ) .  
I n  t h e  c r o s s - s e c t i o n a l  mode l s ,  which a r e  d e s c r i b e d  by t h e  
s t a t e  e q u a t i o n s ,  t h e  h i s t o r y  o f  t h e  g r o u p ,  i f  n e c e s s a r y ,  i s  i n -  
c l u d e d  i n  t h e  d e f i n i t i o n  o f  t h e  s t a t e  o f  t h e  sys t em.  For  example ,  
i f  t h e  p a r t i t i o n  o f  manpower on  t h e  r a n k s ,  s p e c i a l i t i e s ,  e tc .  i s  
n o t  s u f f i c i e n t  f o r  p r e d i c t i n g  t h e  f u t u r e  b e h a v i o r  o f  a  manpower 
s y s t e m ,  t h e n  a  new c o m p o n e n t - - t h e  l e n g t h  o f  S e r v i c e  (LOS) o f  a n  
i n d i v i d u a l - -  s h o u l d  b e  i n t r o d u c e d  t o  t h e  s t a t e  o f  t h e  sys t em.  I n  
t h i s  c a s e ,  t h e  s t a t e  e q u a t i o n  ( 5 9 )  i s  r e p l a c e d  by (Merchan t ,  
1977)  : 
where x ? ( t )  i s  t h e  number of  peop le  o f  LOS a  i n  g r a d e  j a t  t ime  
I 
p e r i o d  t ( a =  1 ,  ..., N ) ,  N b e i n g  t h e  maximum l e n g t h  of  s e r v i c e  i n  
t h e  system. C l e a r l y ,  (68)  can  be  r e ~ r i t t e n  i n  t h e  m a t r i x  form 
( 5 9 ) ,  where t h e  m a t r i x  A ( t 7 .  i s  now: 
I . . . . . .  ................ I 
a 
and x ( t )  = {xi ( t )  1 (i  = 1 ,.. . # n ;  a = 1 ,... ! N ) .  
Thus, it can b e  argued t h a t  t h e  d e s c r i p t i o n  o f  t h e  model i n  
t h e  form (59 j  i s  more p r e f e r a b l e  because  it i s  much s i m p l e r  t o  
s o l v e  t h e  problem w i t h  t h e  s t a t e  e q u a t i o n  ( 5 9 )  a s  w e l l  a s  t o  
a n a l y z e  and implement bhe s o l u t i o n  t h a n  t o  u s e  e q u a t i o n  (65)  
( s e e  P r o p o i ,  1973 and 1976)1'. 
Another  advan tage  o f  t h e  s t a t e - s p a c e  d e s c r i p t i o n  o f  t h e  sys tem 
i s  t h a t  it a l l o w s  us  t o  i n t r o d u c e  a  n o t i o n  of f e a s i b l e  ( a t t a i n -  I 
a b l e )  s e t s ,  which i s  u s e f u l  f o r  t h e  a n a l y s i s  o f  t h e  manpower sys-  I 
tem b e h a v i o r .  But b e f o r e  d o i n g  t h a t ,  w e  have t o  d e s c r i b e  t h e  
c o n s t r a i n t s  on t h e  sys tem.  
C o n s t r a i n t s :  C l e a r l y ,  
u i ( t )  - > 0 and x i ( t )  - > 0 (i  = I , . .  . , u )  (69 
( t h e  remark i n  S e c t i o n  2.1 on t h e  i n t e g r i t y  o f  t h e  v a r i a b l e s  i s  
a l s o  v a l i d  f o r  manpower m o d e l s ) .  I f  b o t h  h i r i n g  and f i r i n g  a r e  
used i n  t h e  sys tem,  t h e n  u i ( t )  i s  n o t  s i g n - r e s t r i c t e d  and 
+ - + 
U i ( t )  = ui ( t )  - ui ( t )  ; Ui ( t )  0 , u I ( t )  - > 0 . 
The r e s o u r c e  c o n s t r a i r l t s  a r e  u s u a l l y  a s s o c i a t e d  w i t h  t h e  
l i m i t a t i o n s  on t h e  t o t a l  s i z e  o f  t h e  o r g a n i z a t i o n :  
o r  f o r  e a c h  g r a d e :  
where X ( t )  (xi ( t )  ) a r e  g i v e n ,  and/or  on t h e  s i z e  o f  r e c r u i t m e n t :  
The ~ o a l  c a n s t r a i n t s  f o r  manpower models have t h e  same form 
a s  i n  1 - 1 7 )  The c o n s t r a i n t s  c o n s i d e r e d  can  be  w r i t t e n  i n  
t h e  g e n e r a l  form: 
A f t e r  d e l i n e a t i n g  a l l  t h e  c o n s t r a i n t s  on t h e  sys tem,  w e  can 
d e f i n e  t h e  f e a s i b l e  sets  o f  t h e  sys tem.  L e t  X be t h e  s t a t e  s p a c e  
o f  t h e  s t a t e  v a r i a b l e s  x ( t ) .  W e  s h a l l  c a l l  t h e  sequences  o f  vec- 
t o r s  u  = {u(O)  , . . . , u ( T  - 1 )  ) and x  = {x(O)  , . . . , x ( T )  ) by t h e  f e a s i b l e  
c o n t r o l  and f e a s i b l e  t r a j e c t o r y ,  i f  t h e y  s a t i s f y  a l l  t h e  con- 
s t r a i n t s  o f  t h e  sys tem.  
The f e a s i b l e  sets  o f  t h e  sys tem,  d e s c r i b e d  by t h e  s t a t e  
e q u a t i o n  (55) and c o n s t r a i n t s  ( 7 4 ) ,  a r e  t h e  sets  o f  a l l  
s t a t e s  i n  X I  which can  b e  a t t a i n e d  from t h e  g i v e n  i n i t i a l  s t a t e  
0  
a t  t h e  g i v e n  number o f  s t e p s .  W e  d e n o t e  by R t ( x  ) t h e  f e a s i b l e  
set  o f  a l l  s t a t e s  x ( t ) ,  which a r e  a t t a i n a b l e  from xo a t  t s t e p s .  
0  Formal ly ,  t h e  f e a s i b l e  sets Rt(x  ) can  b e  d e f i n e d  by r e c u r r e n t  
fo rmulas  ( P r o p o i ,  1 9 7 3 ) :  
0  
Rt+ 1 (X  ) = { x ( t + l )  I x ( t + l )  = A ( t ) x ( t )  + B ( t ) u ( t ) ; G ( t ) x ( t )  + Du(t) - < f  (t); 
Obviously ,  f e a s i b l e  s e t s  i n  t h i s  c a s e  a r e  oohvex polyl ledrons.  
O b j e c t i v e  F u n c t i o n :  W e  can  s i n g l e  o u t  two b a s i c  t y p e s  o f  
o b j e c t i v e s  i n  manpower sys tems:  min imiza t ion  o f  t h e  t o t a l  dev ia -  
t i o n  between f e a s i b l e  and r e q u i r e d  manpower f o r  a  whole p l a n n i n g  
h o r i z o n ,  which can  b e  e x p r e s s e d  i n  (1 9 )  - ( 2 2 )  form; o r  n i n i m i -  
z a t i o n  of  t h e  t o t a l  e x p e n d i t u r e s  f o r  o p e r a t i o n  and development 
o f  t h e  manpower system, which can  be  e x p r e s s e d  i n  t h e  form 
Thus,  w e  can  f o r m u l a t e  t h e  f o l l o w i n g  b a s i c  model. 
Problem 3 . 1 :  Given t h e  i n i t i a l  s t a t e  
----------- 
and t h e  s t a t e  e q u a t i o n s  
w i t h  c o n s t r a i n t s  
f i n d  a  c o n t r o l  u  = { u  ( 0 )  , . . . , u  ( t  - 1  ) ) and a  c o r r e s p o n d i n g  trajec- 
t o r y  x  = {x(O)  , . . . , x  (T) ) , which minimize t h e  o b j e c t i v e  f u n c t i o n  
T h i s  b a s i c  model i s  a p p l i e d  t o  t h e  manDower c o n t r o l  prob-  
l e m s  by r e c r u i t m e n t  (Bartholomew, 1 9 7 3 ) .  M o d i f i c a t i o n s  o f  t h e  
b a s i c  model a s  w e l l  a s  some a p p l i c a t i o n s  a r e  c o n s i d e r e d  i n  S e c t i o n  
3 .4 .  
3 . 2  B a s i c  Xodel I1 
I n  t h e  b a s i c  model c o n s i d e r e d  above  (Problem 3 . 1 ) ,  t h e  con- 
t r o l  v a r i a b l e s  a r e  r e c r u i t m e n t s .  A n o t h e r  t y p e  o f  g o v e r n i n g  o f  
a  manpower s y s t e m  development  i s  t h e  c o n t r o l  bf t r a n s i e n t s  f rom 
g r a d e  +a g r a d e  o v e r  t i m e .  To d e s c r i b e  models  of  t h i s  t y p e ,  w e  
have  t o  e x p r e s s  t h e  i n t e r n a l  f l o w s  i n  t h s  s y s t e m  (see F i g .  5 ) .  
S t a t e  E q u a t i o n s :  W e  u s e  t h e  same p a r t i t i o n  o f  t h e  manpower 
i n t o  n g r a d e s  a s  i n  t h e  p r e v i o u s  s e c t i o n .  Thus ,  x i ( t )  i s  t h e  
manpower s t o c k  i n  g r a d e  i ( i =  1, ..., n )  a t  t i m e  t .  L e t  u i j  ( t)  b e  
t h e  number o f  p e o p l e  i n  g r a d e  i a t  t i m e  t + 1 who w e r e  i n  g r a d e  j 
a t  t i m e  t ( f l o w  f rom j t o  i i n  t i m e  p e r i o d  t ) .  Then t h e  s t a t e  
e q u a t i o n s  o f  t h e  manpower s y s t e m  w i l l  b e  t h e  f o l l o w i n g  
w i t h  i n i t i a l  c o n d i t i o n  
Here z i ( t )  e x p r e s s e s  t h e  e x t e r n a l  change  i n  manpower s t o c k .  
I t  may b e ,  f o r  example ,  t h e  exogenous ly  g i v e n  c h a n g e  i n  t h e  popu- 
l a t i o n  o f  t h e  s y s t e m  due  t o  d e a t h s  and b i r t h s :  
'+ - 
z i ( t )  = z i ( t )  - z  i ( t)  ; 
+ 
where z i ( t )  - > 0  and  z i ( t )  2 0 ,  o r  may a l s o  i n c l u d e  t h e  c h a n g e s  i n  man- 
power d u e  t o  r e c r u i t m e n t  and d i s m i s s a l :  
+ - 
z i ( t )  = z i ( t )  - z i ( t )  + uiO ( t )  - u O i  ( t )  
where uiO ( t )  - > 0  and  u  ( t )  > 0  a r e  t h e  c o n t r o l l a b l e  f l o w s  from O i  - 
o u t s i d e  t h e  s y s t e m  t o  g r a d e  i and  o u t s i d e  t h e  s y s t e m  from g r a d e  i 
i n  t i m e  p e r i o d  t. I n  t h i s  c a s e ,  t h e  model i n c l u d e s  b o t h  t y p e s  
o f  c o n t r o l s  : " p r o m o t i o n "  a n d  " r e c r u i t m e n t " .  
Sometimes it i s  more c o n v e n i e n t  t o  e x p r e s s  t h e  u n c o n t r o l l a b l e  
compoilent o f  z . ( t )  a s  a  p r o p o r t i o n  o f  t h e  c u r r e n t  manpower s t o c k :  
1 
where a i ( t )  i s  t h e  a t t r i t i o n  r a t e  i n  t h e  manpower s t o c k  o f  g r a d e  
i a t  t i m e  t. 
C o n s t r a i n t s :  C l e a r l y ,  
The u p p e r  bounds  o n  t h e  c o n t r o l  v a r i a b l e s  can  b e  g i v e n  e i t h e r  
i n  t h e  form 
- 
0  - < u i j  ( t )  - < u  i j  ( t )  
where ii ( t )  a r e  g i v e n  numbers ,  o r  i n  t h e  fo rm 
where 0  - < a i j  ( t )  - < 1  . The u p p e r  bounds o n  t h e  s t a t e  v a r i a b l e s  a r e  
g i v e n  i n  t h e  form ( 7 0 )  or ( 7 1 ) .  
The r e s o u r c e  c o n s t r a i n t s  u s u a l l y  have  t h e  fo rm [ c f .  ( 8 )  1 
where  dk i j  ( t )  i s  t h e  r e q u i r e d  amount of r e s o u r c e  k  p e r  t r a n s i t i o n  
o f  u n i t  ( e . g .  100 p e r s o n s )  f rom g r a d e  i t o  g r a d e  j a t  t i m e  t ;  and  
f k ( t )  i s  t h e  g i v e n  amount  o f  r e s o u r c e  k  a t  t i m e  t. 
O b j e c t i v e  F u n c t i o n :  The o b j e c t i v e s  f o r  t h i s  t y p e  o f  model  
a r e  t h e  same a s  f o r  t h e  model c o n s i d e r e d  i n  S e c t i o n  3 .1 .  Thus ,  
w e  c a n  f o r m u l a t e  t h e  f o l l o w i n g  b a s i c  model f o r  c o n t r o l  by promo- 
t i o n .  
P r o b l e m  3 . 2 :  Given t h e  i n i t i a l  s t a t e  
----------- 
and t h e  s t a t e  e q u a t i o n s  
w i t h  c o n s t r a i n t s  
which minimize  t h e  o b j e c t i v e  f u n c t i o n  
The problem 3 .2  i s  a  DLP problem o f  t h e  t r a n s p o r t a t i o n  t y p e  
( P r o p o i ,  1976) i n  compar ison  w i t h  t h e  problem 3.1,  which  i s  a  
DLP problem o f  t h e  g e n e r a l  t y p e .  
W e  w i l l  now c o n s i d e r  some e x t e n s i o n s  and m o d i f i c a t i o n s  o f  
t h e s e  b a s i c  p rob lems .  
3 .3  G e n e r a l  llanpower P l a n n i n g  Mode 1 
The b a s i c  models  (Problems 1 and  2 )  a l l o w  u s  t o  b u i l d  t h e  
g e n e r a l  manpower p l a n n i n g  model which c o m p r i s e s  a l l  ma jo r  f e a -  
t u r e s  o f  a  manpower sys t em.  T h i s  model was d e v e l o p e d  by I v a n i l o v  
and  P e t r o v ,  1971. 
W e  c o n s i d e r  a  s y s t e m  w i t h  i t s  p o p u l a t i o n  p a r t i t i o n e d  i n t o  
some g r o u p s  ( g r a d e s ) .  L e t  I be t h e  set  o f  t h e s e  g r o u p s ,  x i ( t )  
be  t h e  number o f  p e o p l e  i n  g roup  i € 1  a t  t i m e  p e r i o d  t. Cons ide r -  
i n g  t h e  s t a t e  e q u a t i o n s  ( 7 7 ) ,  v e  n o t e  t h a t  i n  fac t?  n o t  a l l  
t r a n s i t i o n s  fYorrl ofie g roup  t o  a n o t h e r  a r e  p e r m i t t e d .  I n  a d d i t i o n ,  
it i s  n e c e s s a r y  t o  d i s t i n g u i s h  ways o f  t r a n s i t i o n  from i t o  j .  
S Thus,  w e  d e n o t e  by u  ( t )  t h e  number o f  i n d i v i d u a l s  o f  g roup  i j  
j a t  t i m e  t who b e g i n  t h e  t r a n s i t i o n  from j t o  i ,  u s i n g  t h e  s - t h  
S 
way o f   transition,^ b e i n g  t h e  t i m e  f o r  t h i s  t r a n s i t i o n .  i j 
+ L e t  J ( i)  be  t h e  set o f  g r o u p s  j ,  t h e  r e p r e s e n t a t i v e s  o f  which 
can  t r a n s i t  t o  g roup  i;  J-(i) b e  t h e  se t  o f  g r o u p s  t o  which t r a n -  
s i t i o n s  f rom g r a d e  i a r e  a l l o w e d  and  S ( i ,  j )  be  t h e  se t  o f  a l l  
p o s s i b l e  t r a n s i t i o n s  from j  t o  i. W e  assume t h a t  t r a n s i t i o n  
S f rom g roup  i t o  g roup  j  by way s t a k e s  T t i m e  s t e p s .  i j  
Then t h e  s t a t e  e q u a t i o n s  ( 7 7 )  w i t h  ( 8 0 )  can  b e  g e n e r -  
a l i z e d  a s  f o l l o w s :  
+ - 
- u ( t)  + Z i ( t )  - ( t )  , O i  i 
The i n i t i a l  s t a t e  
S 
and p r e p l a n n i n g  c o n t r o l s  u  (t) ,  t < 0, a r e  known. i j  
The e q u a t i o n s  ( 8 5 )  r e p r e s e n t  t h e  g e n e r a l  t y p e  o f  s t a t e  equa-  
t i o n s  and  i n c l u d e  t h e  c a s e  ( 5 9 )  , when 
and ( 7 7 1 ,  when 
and  a l l t ~ a n s i t i o n s f r o m  i t o  j a r e  p o s s i b l e .  A s  u s u a l ,  a l l  s t a t e  
a n d  c o n t r o l  v a r i a b l e s  a r e  n o n n e g a t i v e :  
The u p p e r  bounds o n  t r a n s i t i o n s  c a n  b e  g i v e n  i n  t h e  form 
0  - < ug j  ( t )  - < ;pj  ( t )  
where us ( t )  a r e  g i v e n ,  o r  i n  t h e  form i j 
S S 
where c o e f f i c i e n t s  a ( t )  , 0  a ( t )  5 1  a r e  g i v e n  [ c f .  ( 8 2 )  a n d  i j  - i j  
( 8 3 ) l .  The u p p e r  bound c o n s t r a i n t s  on  v a r i a b l e s  x . ( t )  and  u O i ( t ) ,  
1 
u  ( t )  a r e  w r i t t e n  i n  t h e  form ( 7 0 ) - ( 7 2 ) .  O i  
T h e r e s o u r ~ c e c o n s t r a i n t s  a r e  a  g e n e r a l i z a t i o n  o f  c o n s t r a i n t s  
(10 )  and  ( 8 4 )  : 
S C C d k i j  ( t I i ) u p j  (t-i) - < f k ( t )  ( k  EK) 
where dEij  ( t ,  i )  i s  t h e  r e q u i r e d  amount o f  r e s o u r c e  k  p e r  u n i t  
t r a n s i t i o n  f rom g r o u p  i t o  j ,  when t h e  s - t h  t r a n s i t i o n  i s  u s e d ;  
K i s  t h e  t o t a l  set o f  r e q u i r e d  r e s o u r c e s .  
The r e s o u r c e  c o n s t r a i n t s  (90)  a r e  u s u a l l y  a s s o c i a t e d  w i t h  
f a c i l i t i e s  f o r  t h e  p e o p l e ' s  t r a i n i n g  ( e . g .  b u i l d i n g  and equ ipment ) .  
I n  a d d i t i o n  t o  ( g o ) ,  w e  can s i n g l e  o u t  t h e  c o n s t r a i n t s  on  t e a c h e r s 1  
( i n s t r u c t o r s 1 )  a v a i l a b i l i t y .  Among a l l  groups  I o f  t h e  sys tem 
p o p u l a t i o n ,  w e  s i n g l e  o u t  t h e  set  I, o f  t h e  groups  o f  t e a c h e r s  
u 
S ( i n s t r u c t o r s )  : IO c I. L e t  gki (t .  r ) b e  t h e  number o f  r e q u i r e d  
t e a c h e r s  o f  group k E I  f o r  i n s u r i n g  t h e  u n i t  t r a n s i t i o n  of  peop le  0 
from group i t o  group j  when t h e  way s i s  used.  Then t h e  con- 
s t r a i n t s  on t e a c h e r s '  a v a i l a b i l i t y  can be  w r i t t e n  i n  t h e  form 
s i m i l a r  t o  (90)  
xk ( t)  is  c a l c u l a t e d  from t h e  s t a t e  e q u a t i o n s  ( 8 5 ) .  
The g o a l  c o n s t r a i n t s  a r e  analogous  t o  t h e  c o n d i t i o n s  ( 1 4 ) -  
( 1 7 ) .  W e  can c o n s i d e r  d i f f e r e n t  o b j e c t i v e s  w i t h  t h i s  model. 
These o b j e c t i v e s  c a n  be  broken down i n t o  t h e  f o l l o w i n g  g roups :  
1 ) T o  b r i n g  t h e  sys tem (manpower s t o c k  {xi ( T )  1 ) a s  close 
a s  p o s s i b l e  t o  t h e  d e s i r e d  s t a t e  xi ( T )  (i E I )  a t  t h e  
end o f  t h e  p l a n n i n g  p e r i o d ,  o r  t o  keep d u r i n g  t h e  
whole p l a n n i n g  p e r i o d  t = 1 ,  ..., T t h e  manpower s t o c k  
{ x i ( t )  1 a s  c l o s e  a s  p o s s i b l e  t o  t h e  g iven  demand 
i n  manpower xi ( t )  (i E I ,  t = 1 , . . . , T) under  g iven  re- 
s o u r c e s  and o t h e r  c o n s t r a i n t s .  The o b j e c t i v e  func-  
t i o n s  f o r  t h i s  c a s e  can  be  e x p r e s s e d  a s  i n  (19)  - ( 2 2 ) .  
2 )  To min imize  t h e  t o t a l  e x p e n d i t u r e  f o r  t h e  s y s t e m ' s  
t r a n s i t i o n  t o  t h e  g i v e n  t a r g e t s ,  which a r e  e x p r e s s e d  
by ( 1 4 ) -  ( 1 6 )  The o b j e c t i v e  f u n c t i o n  f o r  t h i s  c a s e  
c a n  be  w r i t t e n  i n  t h e  form [ c f .  ( 2 3 ) l  : 
3 )  To maximize o u t p u t s  i n  e l i g i b l e  g r o u p s  o f  s p e c i a l i s t s  
t o  t h e  end  o f  t h e  p l a n n i n g  p e r i o d .  The o b j e c t i v e  func-  
t i o n  f o r  t h i s  c a s e  h a s  t h e  form o f  ( 2 4 ) .  
4 )  To combine p l a n n i n g  ( o r  p o l i c y  a n a l y s i s )  i n  manpower 
and  economy deve lopmen t .  I n  t h i s  c a s e ,  t h e  o b j e c t i v e s  
s h o u l d  b e  of  economic c h a r a c t e r  r a t h e r  t h a n  bonnd 
by an " o p t i m a l t ' d e v e l o p m e n t  o f  o n l y  manpower s y s t e m s  
(see S e c t i o n  4 ) .  
3.4 Some Bxamples and  A p p l i c a t i o n s  , 
Now w e  c o n s i d e r  some examples  and a p p l i c a t i o n s  o f  t h e  models  
d e s c r i b e d  above .  
a C o n t r o l  by R e c r u i t m e n t  These  t y p e s  o f  models  r e l a t e  
t o  t h e  b a s i c  m d e l  I .  I n  t h e  s i m p l e  v e r s i o n s ,  t h e  c o n s t r a i n t s  
h a v e  t h e  form ( 7 0 )  : :  
X i ( t )  - > 0  , ui ( t )  - > 0 , 
where  X ( t )  i s  t h e  g i v e n  s i z e  o f  t h e  o r g a n i z a t i o n ,  and  t h e  o b j e c -  
t i v e ,  f o r  example ,  i s  t o  minimize  t h e  t o t a l  s a l a r y  b i l l  
where c . ( t )  i s  t h e  a v e r a g e  s a l a r y  c o s t  i n  g r a d e  i a t  t i m e  p e r i o d  
1 
t ,  o r  t o  minimize t h e  t o t a l  under- and over-manning i n  v a r i o u s  
t i m e  p e r i o d s  and g r a d e s .  The o b j e c t i v e  f u n c t i o n  i s  i n  t h i s  c a s e  
e x p r e s s e d  by ( 2 1  ) which i s  e q u i k a l e n t  t o  ( 1  9 ) .  
These t y p e s  o f  models w e r e  c o n s i d e r e d  by Bartholomew ( 1 9 7 3 ) ;  
Charnes ,  e t  a l .  (1969 and 1971) ; Davies (1973 and 13q6) ; Grino ld  
and Marshal l  ( 1 9 7 7 ) ,  and many o t h e r s .  
I t  should  b e  n o t e d  t h a t  many models c o n s i d e r e d  i n  t h e  r e f -  
e r e n c e s  mentioned above a r e  n o t  fo rmula ted  i n  t h e  e x p l i c i t  form 
o f  Problem 1 ,  b u t  can  b e  e a s i l y  reduced t o  Problem 1 .  
b. A t t a i n a b l e  S t r u c t u r e s  I n  a  number o f  models ,  o b j e c -  
t i v e  f u n c t i o n s  a r e  g i v e n  i n  i n e x p l i c i t  form. For t h i s  c a s e ,  w e  
0 i n t r o d u c e  f e a s i b l e  sets  Rt(x  ) ( t =  0 , 1 , 2 ,  . . . ) ,  t h a t  i s ,  t h e  sets  
of a l l  s t a t e s  x ( t ) ,  which a r e  a t t a i n a b l e  by f e a s i b l e  c o n t r o l s  
{ u ( O ) ,  ..., u ( t -  1 ) )  a t  t s t e p s  [ s e e  (7511. 
Using t h i s  n o t i o n  o f  t h e  f e a s i b l e  sets ,  one can f o r m u l a t e  
t h e  f o l l o w i n g  problems:  
1. Find a  s t r u c t u r e  xT which can b e  o b t a i n e d  from t h e  
i n i t i a l  s t a t e  xo  i n  T s t e p s .  Thus,  t h e  problem 
i s  reduced t o  f i n d i n g  s u c h a s t a t e  xT which b e l o n g s  
0 t o  t h e  f e a s i b l e  set  RT(x ) ( T  and xo a r e  g i v e n ) :  
T h i s  problem, i n  t u r n ,  i s  e q u i v a l e n t  t o  f i n d i n g  an 
a r b i t r a r y  f e a s i b l e  c o n t r o l  {u  ( 0 )  , . . . , u ( t  - 1 )  ) f o r  
b a s i c  Problem 1 f o r  g iven  xo and T .  
0 2 .  Find an  i n i t i a l  s t r u c t u r e  x  , from which t h e  g iven  
t e r m i n a l  s t r u c t u r e  x ~  can be  o b t a i n e d  [ t h a t  i s ,  f i n d  
0 x O  f o r  which XT ERT (x  ) 1 .  This  problem can be reduced 
t o  Problem 1 i f  t h e  a d d i t i o n a l  c o n t r o l  v a r i a b l e  xo i s  
i n t r o d u c e d  an.d i s  e q u i v a l e n t  t o  f i n d i n g  a  f e a s i b l e  con- 
t r o l  {xo , u  ( 0 )  , . . . , u  ( T  - 1 ) } i n  Problem 1 w i t h  a d d i t i o n a l  
c o n d i t i o n  x ( T )  = x  T '  
3. F ind  r e a t t a i n a b l e  i n  T  s t e p s  s t r u c t u r e  x  ( t h a t  i s ,  f i n d  
x ,  f o r  which x  E R  ( x ) ,  and  T  i s  q i v e n ) .  T .  
T h i s  problem i s  e q u i v a l e n t  t o  f i n d i n g  a  f e a s i b l e  con-  
t r o l  i n  Problem 1 w i t h  t h e  a d d i t i o n a l  c o n d i t i o n  
where x  i s  a  new c o n t r o l  v a r i a b l e .  
Problems o f  t h i s  t y p e  w e r e  c o n s i d e r e d ,  f o r  example ,  by 
Vajda (1975)  and  Bartholomew ( 1 9 7 3 ) .  I n  some o f  t h e s e  p a p e r s ,  p ro -  
p e r t i e s  o f  t h e  f e a s i b l e  sets w e r e  i n v e s t i g a t e d  o r  s i m p l e  n u m e r i c a l  
examples  w e r e  c o n s i d e r e d .  A s  one can  see f rom above ,  a l l  s u c h  
p rob lems  a r e  r e d u c e d  t o  f i n d i n g  a  f e a s i b l e  c o n t r o l  i n  a  c o r r e -  
s p o n d i n g  DLP problem a n d ,  t h e r e f o r e ,  s t a n d a r d  LP o r  DLP methods 
c a n  b e  d i r e c t l y  u s e d  f o r  t h e i r  s o l u t i o n .  
c.  C o n t r o l  by P romot ion  T h i s  t y p e  o f  problem i s  a s s o -  
c i a t e d  w i t h t h e  b a s i c  Problem 2 .  However, f r e q u e n t l y  b o t h  t y p e s  
o f  c o n t r o l - -  r e c r u i t m e n t  and  promot ion  - - a r e  u s e d  s i m u l t a n e o u s l y  
(see f o r  e x a m p l e , F o r b e s ,  1 9 7 1 ) .  I n  t h i s  c a s e ,  t h e  models  a r e  
f o r m u l a t e d  a s  d e s c r i b e d  i n  S e c t i o n  3 . 3 .  The models  o f  
t h e s e  t y p e s  may b e  used  b o t h  on a n a t i o n a l / r e g i o n a l  (macro)  l e v e l  
o r  a n  i n s t i t u t i o n a l  ( m i c r o )  l e v e l .  
On a  r e g i o n a l  ( n a t i o n a l )  l e v e l ,  t h e  f l o w s  o f  p e o p l e  f rom o n e  
g roup  t o  a n o t h e r  a r e  u s u a l l y  c z u s e d  by some t r a i n i n g  o r  educa-  
t i o n a l  c o u r s e  ( f o r  example ,  v o c a t i o n a l  t r a i n i n g ) .  I n  t h i s  s e n s e ,  
t h e s e  models  r e p r e s e n t  a  f low t y p e  e d u c a t i o n a l  p l a n n i n g  model 
and  i n  f a c t ,  w e r e  d e s c r i b e d  i n  S e c t i o n  -2.4 (see a l s o  I v a n i l o v  
and  P e t r o v ,  1971 ) . 
On a n  i n s t i t u t i o n a l  l e v e l ,  t h e  problem i s  t o  a n a l y z e  t h e  
b e s t  p romot ion  and  r e c r u i t m e n t  p o l i c i e s  i n  a n  o r g a n i z a t i o n  unde r  
g i v e n  r e q u i r e m e n t s  i n  manpower, and  b u d g e t  and  o t h e r  r e s o u r c e  
c o n s t r a i n t s .  
An i n t e r e s t i n g  model o f  t h i s  t y p e  i s  d e s c r i b e d  by B i l l i o n n e t  
( 1 9 7 7 ) .  T h i s  model i s  o p e r a t i o n a l  a t  t h e  D i r e c t i o n  C e n t r a l e  d e  
l f A p r & s - v e n t e  o f  t h e  Rbgie N a t i o n a l e  d e s  Us ines  Renau l t  and a l -  
lows one  t o  s t u d y  o r g a n i z a t i o n s  i n c l u d i n g  approx imate ly  50 jobs  
and a  few thousand p e r s o n s .  With t h i s  model o n e  can  d e t e r m i n e  
answers  t o  many q u e s t i o n s  r e g a r d i n g  a  l a r g e  o r  s m a l l  o r g a n i z a t i o n  
i n  t h e  s h o r t  and middle  t e r m s .  I n  t h e  s h o r t  t e r m ,  it a l l o w s  
f i n d i n g  t h e  b e s t  movements t o  f a c e  an unexpected d e p a r t u r e ,  a  
promot ion ,  o r  o t h e r  i n d i v i d u a l  h a z a r d s .  I n  t h e  midd le  t e r m ,  it 
a l l o w s  a l l o c a t i o n  movements o v e r  t i m e  i n  o r d e r  t o  f a c e  t h e  ex- 
p a n s i o n ,  t h e  s t a g n a t i o n ,  and t h e  r e g r e s s i o n  of  t h e  d i f f e r e n t  de- 
pa r tments  o f  t h e  o r g a n i z a t i o n .  
D i f f e r e n t  manpower models u s i n g  promotion a s  a  c o n t r o l  w e r e  
c o n s i d e r e d  by Bartholomew ( 1 9 7 3 ) ;  H o l l ,  L e g r a t  and Benayon ( 1 9 7 1 ) ;  
Morgan (1971) ; S t a n f o r d  (1976) and o t h e r s .  
4 .  LINKAGE WITH ECONOMY MODEL 
I n  t h e  c o n s i d e r e d  e d u c a t i o n a l  o r  manpower models ,  t h e  demand 
f o r  manpower and r e s o u r c e  c o n s t r a i n t s  f o r  e d u c a t i o n  a r e  g i v e n  
exogenously.  Of g r e a t  i n t e r e s t  i s  t h e  a n a l y s i s  of i n t e r r e l a t i o n s  
between manpower and economy development models.  
When t h e  i n t e r a c t i o n  between manpower and  economy develop-  
ment i s  a n a l y z e d ,  two major  o p t i o n s  s h o u l d  be t a k e n  i n t o  accoun t :  
development of  some s e c t o r s  i n  a n  economy i n  o r d e r  t o  a b s o r b  t h e  
p r o j e c t e d  s u r p l u s  i n  manpower o f  c e r t a i n  t y p e s  and development 
o f  e d u c a t i o n a l  f a c i l i t i e s  i n  o r d e r  t o  f i l l  up p o s s i b l e  s h o r t a g e s  
i n  manpower f o r  o t h e r  s e c t o r s  o f  an  economy. B e s i d e s ,  w e  have 
t o  add p o s s i b i l i t i e s  of l a b o r  f o r c e  m i g r a t i o n  i n t o  and o u t  o f  t h e  
system. 
The problem shou ld  b e  d i s a g g r e g a t e d  on major economic a c t i -  
v i t i e s  ( v a r i o u s  i n d u s t r i a l  s e c t o r s ,  a g r i c u l t u r e ,  c o n s t r u c t i o n ,  
t r a n s p o r t a t i o n ,  p u b l i c  a d m i n i s t r a t i o n  and o t h e r  s e r v i c e s )  and 
on t h e  l e v e l s  o f  e d u c a t i o n  (p r imary ,  secondary ,  h i g h e r ) .  
Below, w e  c o n s i d e r  a  s i m p l e  i n t e g r a t e d  o p t i m i z a t i o n  model o f  
economy-manpower i n t e r a c t i o n .  
L e t  m ( t )  b e  t h e  v e c t o r  o f  s k i l l e d  manpower a t  t i m e  t ,  n ( t )  
b e  t h e  v e c t o r  ( o f  t h e  same d imens ion )  o f  t h e  manpower i n c r e a s e  
d u r i n g  t i m e  p e r i o d  t ,  a n d  P ( t )  b e  t h e  t r a n s i t i o n  m a t r i x .  Then 
t h e  s t a t e  e q u a t i o n s  f o r  t h e  manpower /educa t iona l  s u b s y s t e m  w i l l  
be  t h e  f o l l o w i n g  [ s e e  ( 5 )  1 : 
The t r a i n i n g  o f  p e o p l e  r e q u i r e s  r e s o u r c e s ;  f i r s t  o f  a l l ,  
t e a c h e r s  [see ( 1  3 )  1 : 
and second ,  b u i l d i n g s  and  equipment  ( 8  ) 
where y ( t )  i s  t h e  v e c t o r  o f  c a p i t a l  s t o c k  f o r  t h e e d u c a t i o n a l  s u b -  
e 
sys t em.  The development  o f  t h i s  subsys t em can  b e  e x p r e s s e d  i n  
t h e  same t e r m s  a s  deve lopment  o f  t h e  ~ r o d u c t i o n  sys t em:  
where t h e  s u b s c r i p t  e r e f e r s  t o  t h e  e d u c a t i o n a l  subsys t em,  D e ( t )  ; 
D ( t )  a r e  d e p r e c i a t i o n  m a t r i c e s .  The b a l a n c e  o f  goods  p r o d u c t i o n  
and t h e i r  consumpt ion  f o r  t h e  t o t a l  s y s t e m  w i l l  b e  t h e  f o l l o w i n g  
w i t h  c o n s t r a i n t s  
a n d  
where t h e  m a t r i x  L ( t )  s p e c i f i e s  r e q u i r e m e n t  i n  s k i l l e d  l a b o r  f o r  
e a c h  s e c t o r  o f  economy, z  ( t )  i s  t h e  v e c t o r  o f  g r o s s  o u t p u t s .  
The c o n n e c t i o n  between consumpt ion  v e c t o r  w ( t )  and  manpower 
v e c t o r  m ( t )  i s  assumed t o  b e  g i v e n  a s  
where  g ( t )  i s  t h e  exogenous ly  g i v e n  v e c t o r  o f  gove rnmen ta l  con- 
sumpt ion ,  and  t h e  m a t r i x  F ( t )  e x p r e s s e s  t h e  consumpt ion  p r o f i l e  
f o r  d i f f e r e n t  c a t e g o r i e s  o f  manpower. C o n d i t i o n s  (1  00)  and  ( 1  01) 
d e s c r i b e  t h e  l i n k a g e  between t h e  e d u c a t i o n a l  ( 9 3 )  - ( 9 6 )  a n d  economy 
( 9 7 ) -  ( 9 9 )  submodels .  
The deve lopmen t  o f  t h e  e d u c a t i o n a l  s y s t e m  i s  u p p e r  bounded 
by . t h e  g rowth  o f  p o p u l a t i o n  
where  x  ( t )  i s  t h e  p o p u l a t i o n  ( s e x / a g e )  d i s t r i b u t i o n  v e c t o r  a n d  
c a n  b e  o b t a i n e d  from demography models  (see,  f o r  example ,  Rogers  
1 9 7 5 ) ,  a n d  H i s  a  m a t r i x .  
With t h e  model ( 9 3 ) -  ( 1  0 2 ) ,  o p t i m a l  p o l i c i e s  w i t h  d i f f e r e n t  
o b j e c t i v e  f u n c t i o n s  c a n  b e  a n a l y z e d .  Here, f o r  c e r t a i n t y ,  t h e  
o b j e c t i v e  i s  t o  maximize t h e  d i s c o u n t e d  consumpt ion  v e c t o r  
Thus ,  t h e  problem i s  t o  c h o o s e  s u c h  c o n t r o l  v e c t o r s  { v ( t ) , z ( t ) )  
and  {ve ( t )  , n  ( t ) )  and  c o r r e s p o n d i n g  s t a t e  v e c t o r s  y  ( t)  , ye ( t )  and  
m ( t )  , which  maximize ( 1 0 3 )  s u b j e c t  t o  ( 9 3 ) -  ( 1 0 2 ) .  
Two b a s i c  a p p r o a c h e s  c a n  b e  s i n g l e d  o u t  when s e p a r a t e  sub-  
models  are i n c o r p o r a t e d  i n t o  a whole sys t em.  The f i r s t  a p p r o a c h  
i s  t h e  i n t e g r a t i o n  o f  s e p a r a t e  models  i n t o  an  o p t i m i z a t i o n  problem 
w i t h  a  c o r r e s p o n d i n g  o b j e c t i v e  f u n c t i o n .  The second  a p p r o a c h  i s  
t h e  i n v e s t i g a t i o n  o f  l i n k a g e  between submodels  c o n s i d e r i n g  t h e s e  
submodels  on an  i n d e p e n d e n t  b a s i s ,  e a c h  w i t h  i t s  own o b j e c t i v e  
f u n c t i o n .  Both a p p r o a c h e s  n a t u r a l l y  have  t h e i r  own a d v a n t a g e s  and  
drawbacks .  The ma jo r  a d v a n t a g e  o f  t h e  f i r s t  "machine" a p p r o a c h  
i s  t h a t  it a l l o w s  o n e  t o  t a k e  i n t o  a c c o u n t  a l l  t h e  c o n s t r a i n t s  
and i n t e r a c t i o n s  between many f a c t o r s  i n f l u e n c i n g  t h e  d e c i s i o n  and  
combining  them i n t o  some o p t i m a l  mix. However, t h e  b u i l d i n g  o f  
a n  i n t e g r a t e d  model e v i d e n t l y  l e a d s  t o  a  v e r y  l a r g e  o p t i m i z a t i o n  
problem,  which though  it i s  sometimes p o s s i b l e  t o  s o l v e ,  i s  
a l w a y s  v e r y  d i f f i c u l t  t o  i n t e r p r e t .  The "manual" a p p r o a c h  --when 
i n f o r m a t i o n  o b t a i n e d  f rom one  submodel i s  i n t e r p r e t e d  by a n  
a n a l y s t  and i s  s u p p l i e d  as  a n  i n p u t  t o  a n o t h e r  submodel - -becomes  
more a t t r a c t i v e ,  b u t  i s  more t i m e  consuming and  somet imes  may l e a d  
t o  a n  u n c e r t a i n t y  w h e t h e r  t h e  " t r u e  o p t i m a l "  s o l u t i o n  f o r  a whole 
s y s t e m  h a s  been  o b t a i n e d  o r  n o t .  
C o n s i d e r i n g  combined manpower-economy models ,  it i s  n a t u r a l  
t o  i n c l u d e  demographic  a s p e c t s  i n t o  a whole  s y s t e m  [ s e e  (1  02)  1 . 
Such models  w e r e  d e s c r i b e d  i n  Rogers  a n d  L e d e n t  (1971)  a n d  
G r a n d i n e t t i ,  P e z z e l l a  a n d  L a B e l l a  ( 1 9 7 7 ) .  
5.  CONCLUSION 
One c a n  see f rom a b o v e ,  t h a t  many e d u c a t i o n a l  and  manpower 
p l a n n i n g  models  c a n  b e  w r i t t e n  i n  a  s t a n d a r d  DLP form. Hence, 
f o r  t h e  s o l u t i o n  o f  t h e s e  p rob lems ,  e i t h e r  s t a n d a r d  LP a l g o r i t h m s  
( D a n t z i g ,  1963)  o r  s p e c i a l  DLP methods ( G l a s s e y ,  1970; Ho a n d  
Manne, 1974; P r o p o i  and  Krivonozhko,  1 9 7 7 ) ,  which  t a k e  i n t o  ac -  
c o u n t  t h e  dynamic f e a t u r e s  o f  t h e  p rob lems ,  c a n  b e  u s e d .  
C l e a r l y ,  n o t  a l l  manpower and e d u c a t i o n a l  p l a n n i n g  p rob lems  
c a n  b e  w r i t t e n  i n  t h e  DLP f o r m a t .  I n  t h o s e  cases, o n e  may u s e  
computer  s i m u l a t i o n  methods ( a n  i n t e r e s t i n g  compar ison  o f  t h e s e  
two a p p r o a c h e s  w a s  made by Merchant ,  1977)  o r  may t r y  t o  a p p l y  
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